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Abstract 

The exceptional infinite-dimensional linearly compact simple Lie superalgebra E(5, 10), which Kac 
believes, is the algebra of symmetries of the SU5 Grand Unified Model. In this paper, we give a proof 
. of Kac and Rudakov's conjecture about the classification of all the degenerate generalized Verma 

module over E(5, 10). Also, we work out all the nontrivial singular vectors degree by degree. It is a 
potential that the representation theory of E(5, 10) will shed new light on various features of the the 



SU5 Grand unified model. 

1 Introduction 

7— 1 ■ 

>^ 

A linearly compact infinite-dimensional Lie algebra is a topological Lie algebra whose underlying 

cn 

space is a topological space isomorphic to the space of formal power series over complex field in finite 



number of variables with formal topology. Cartan's list of linearly compact infinite-dimensional simple 
Lie algebras consists of four series: the Lie algebra of all complex vector fields and its subalgebras of 
divergence vector fields, symplectic vector fields and contact vector fields. 

Kac proved the "super" version of this result. In other words, he classified linearly compact infinite- 
dimensional Lie superalgebras [Kl]. There turn out to be 10 families and 5 exceptions, which are called 
E(l, 6), E(3, 6), E(3, 8), E(4, 4) and E(5, 10). Many of the families are straightforward "super" generaliza- 
tions of the 4 families of linearly compact infinite-dimensional simple Lie algebras. Some are stranger. 
Most important for us today are the 5 exceptions discovered by Irina Shchepochkina [Sh]. 

The representation theory of E(3,6) and E(3, 8) was developed by Kac and Rudakov [KR1-KR3], 
and some further observations were made on its connections to the Standard Model [K2]. It was found 
quite remarkable that the SU5 Grand unified model of Gcorgi-Glashow combines the left multiplets of 
fundamental fermions in precisely the negative part of the consistent gradation of E(5, 10) . This is perhaps 
an indication of the possibility that an extension from SU5 to algebra of internal symmetries may resolve 
the difficulties with the proton decay. It is a potential that the representation theory of E(5, 10) will shed 
new light on various features of the the SU5 Grand unified model. 
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As to the representation theory of E(5, 10), Kac and Rudakov formulate an conjecture [KR3], which 
can be stated as follows. The Lie superalgebra L = E(5, 10) carries a unique consistent irreducible Z- 

gradation L = ® Lj, where L is isomorphic to simple Lie algebra sl$. Given i - module V, we extend 

j>-2 

it to a L module by letting L + acts trivially, and define the induced module 

M(V) = U(L) ® u{Lo) V - U(L_)V. 

If V is finite-dimensional irreducible L -module, the L module M{V) is called a generalized Verma 
module associated to V, and it is called degenerate if it is not irreducible. 

We denote by V(Ai, A2, A3, A4) the finite-dimensional irreducible Lq -module with highest weight 

4 

Y^, K^i, where wi,u;2,W3,w are the fundamental weights for s/5. Let 

i=l 

M = M(Ai, A 2 , A 3 , A 4 ) = M(V(X U X 2 , A 3 , A 4 )) 

denote the corresponding generalized Verma module over E(5, 10). Denote by N the additive semigroup 
of nonnegative integers. 

Kac and Rudakov 's Conjecture The following is a complete list of degenerate Verma modules over 
£(5,10): 

M(m, n, 0, 0); M(m, 0, 0, n); M(0, 0, m, n) (m, n G N). 

In this paper, we give a proof of this conjecture and work out all the nontrivial singular vectors for 
any generalized Verma module over E(5, 10). The first key point of our proof is investigating that there 
exists a grading on the generalized Verma module, through which we find that any singular vector is 
controlled by its leading term via an exponential-like differential operator, where the leading term lies in 
certain tensor product module of sl^; the second one is the observation of an irreducible tensor operator 
of rank uji + lo 2 for simple Lie algebra s/5 , which plays the center role in our calculation of all the singular 
vectors. 

The paper is organized as follows: In section 2, we recall Kac's geometric construction of Lie su- 
peralgebra E(5, 10) and the KR conjecture. In Section 3, we provide some techniques concerning the 
irreducible tensor operators and tensor module decomposition theory of simple Lie algebra. In Section 4, 
we prove that all the nontrivial singular vectors are of degree less than or equal to four. Also, the leading 
term of any singular vector must lie in one of the tensor decomposition of four tensor product module of 
sl 5 (cf. Theorem 4.6). In Section 5, we work out all the nontrivial singular vectors degree by degree (cf. 
Theorem 5.3, Theorem 5.4, Theorem 5.5, Theorem 5.6). 

2 Lie superalgebra E(5, 10) and KR conjecture 

In this section, we recall Kac's geometric construction of Lie superalgebra E(5, 10) and KR Conjecture 
which are stated in [KR3]. 



For two integers m < n, we denote m,n— {m, m + 1, • • • , n}. Let 

n 

W„ = {]>>(x)d 4 | pi(a;) eC[[n,- ,a: n ]],a < = a X4 } (2.1) 
»=i 

denote the Lie algebra of formal vector fields in n indeterminates; 

n n 

S„ = {£> = | divD - Yl W = °} ( 2 - 2 ) 

i=l i=l 

denote the Lie subalgebra of divergenceless formal vector fields; £l k (n) denote the associative algebra of 
formal differential forms of degree k in n indeterminates, O fe j(n) denote the subspace of closed forms. 

The exceptional infinite-dimensional linearly compact Lie superalgebra E(5, 10) = E(5, 10)o+E(5, 10)i 
is constructed as follows: 

E(5, 10)o = S 6 , E(5, 10)i - n^(5), (2.3) 
where E(5, 10)g acts on E(5, 10)j_ via the Lie derivative, 

[wa, u/ 2 ] = LJ2 A u/ 2 € n^(5) = S 5 (2.4) 

for w 2 ,u} 2 e E(5, 10)i. 

We use for the odd elements of E(5, 10) the notation dij — dxi A dxj(i,j <E 1, 5); recall that we have 
the following commutation relation (f,g <G C[[a;i, • • • ,£5]] ): 

[fdjk;gdi m ] = eijkimfgdt; (2.5) 

where 

_ j the sign of the permutation (ijklm), if all indices ijklm are distinct, , . 

Sijklm - I 0, otherwise. [ ' 

And the Lie superalgebra L = E(5, 10) carries a unique consistent irreducible Z-gradation L = Lj. 

J>-2 

It is defined by: 

degx l = 2 = -di,degdij = -1 (2.7) 
One has: Lo — SI5 and the Lo-modulcs occurring in the negative part are: 

L_j = Span c {d ij \i,j€ T~5} ^ A 2 C 5 , 

L_ 2 = Span c {9, | i e L"5} ~ C 5 * (2.8) 

Recall also that Li consist of closed 2-forms with linear coefficients, that L x is an irreducible L -modulc 
and Lj = [Li[- • •]] = Lj for j > 1. We take for the Borel subalgebra of Lo — sisthe subalgebra of the 
vector fields 

Span{x^(l < i < j < 5), xA - x i+1 d i+1 (i e T~4)}. (2.9) 

Given Lo module V, we extend it to a L module by letting L + acts trivially, and define the induced 
module 

MOO = U(h) ® U{U) V = U(L_)V. (2.10) 



4 

We denote by V(Ai, A 2 , A 3 , A4) the finite-dimensional irreducible L -module with highest weight AjW,, 

i=l 

where u>i (i G 1, 4) are the fundamental weights for s/ 5 . Let 

M = M(Ai,A 2 ,A3,A4) = M(l/(Ai,A2,A3,A 4 )) (2.11) 

denote the corresponding generalized Verma module over E(5, 10). 
Definition 2.1 If £ G M satisfies : 

{xid Xi+1 )4 = 0(i G T~4), (2.12) 

x 5 d 4 5.£ = 0, (2.13) 
i/ien we co/Z £ a singular vector for generalized verma module M of E(5, 10). 

The aim of the following sections is to determine all the nontrivial singular vectors for E(5, 10)-module 

M. 

3 Preliminary 

In this section, we give some preparatory techniques about the irreducible tensor operators and the 
decomposition of tensor product module of simple Lie algebra. 

Following the notations of Humphreys [H], let H be the Cartan subalgebra of simple Lie algebra 
L, and let A = {a\, ■ ■ ■ ,ai} be a base for the root system <f> of H* . The corresponding fundamental 
dominant weights {lo\, ■ ■ ■ are defined from the root system via the form < •, • > given by: 

<u>i, aj >= . y 3 > =5ij, (3.1) 

where (•,•) denotes the inner product induced on H* by the Killing form on H. Consider a basis 
{fti, • • • ,hi,x a ,a G 4>} of L where hi, ■ ■ ■ ,hi is a basis for H and x a is a nonzero element of the root 
space L a . The dual basis may therefore be written {h 1 , ■ ■ ■ ,h l ,x a ,a G </>} where x a is the unique element 
of L- a which is dual to x a under the Killing form of L. Write the universal Casimir element in the form: 

l 

CL^^htf + ^x a x a . (3.2) 

i=l a£<p 

Let V(n) be an irreducible highest weight module over L and let 7r M be the representation afforded by 
V((i). Choose an ordcded basis {ei, • • • , e^} of V(fi), let 7r M (x) denote the matrix representing ieLon 
V(/i) with respect to this basis. 

Definition 3.1 We call a collection of linear operators {Ti : V — > W \ i G 1, d} an irreducible tensor 
operator of rank \i if these components transform according to the rule: 

d 

[x,Ti] = TT W (x)Ti - TiTT V (x) = y^TT^WjjTj, x G L, (3.3) 



where V,W are (possibly infinite dimensional) L-modules and ny (resp. ttw ) is the representation afforded 
by V (resp. W). 

Then we can define the following intertwining operator between L-modules V(fi) <8> V and W: 

T : V(p) <g> V -»• W, T{e t ®v) = T t (v), i G T~d, v e V. (3.4) 

In other words, T G RomL(V(^i) ® V, W) is an element of the set of all operators from V(p) ® V to W 
commuting with the action of L. 

Remark 3.2 In Section 5, we find an irreducible tensor operator of rank LO1+LU2 for simple Lie algebra 
sis, which play the center role in our determining all the singular vectors. 

In the following two Lemmas, we record some well-known facts concerning the decomposition of tensor 
modules: 

Lemma 3.3 (1) (cf. [H]) The a- string through any weight v ofV(p) is of length < v, a >, for 

a e 4>. 

(2) (cf. [EG]) Denote fa,--- ,/i TO the weights occurring in V{fi) with multiplicities n\,--- ,n m re- 



spectively. For each i G l,m, let Vi(fi) denote the space of weight vectors of weight fa. The decomposition 
of the tensor product module V(p) ® V(X) is written: 

ra 

V{n) <8> V(X) = TO ( A + Mi : M ® X)V(X + p^, X + fa € A+, (3.5) 

i=i 

where the multiplicities are given by 

m(X + fa : [i® A) = dimVi,\((j,), (3.6) 
VM = K Vi(n) | ef +S ' ai> v = 0, j G T7T.} (3.7) 



(3) (cf. [EG]) Assume {e^j \ j G l,m(A + fa : \i ® A)} is a basis for the space Vi,\(p) and v\ is the 
maximal weight vector ofV(X). A full set of independent maximal weight states of weight X + fa is given 
by the vectors: 



where 



{Pi{e tyj <g> v\), j G 1, m(A + fa: [i® A)}, 

p = TT C~L - Xa+xjCL) 

. (ct + A,a + A + 26) - (m,M + 25) - (A, A + 26) 
X<t+x{cl) = , 

/ 

C~L = M^) ® TA(V) + M*") ® TA(» a ). (3-8) 
i— 1 aG(J) 

(4) (cf. [MS]) The tensor product module V(fj,)<S>V(X) is a cyclic module which is cyclically generated 
by the vector <S> v\, where is the lowest weight vector for V{pb) and v\ is the highest weight vector 
for V(X). 



For ~a = (ai, • • • , a„_i) G N n_1 and < fc G N, we denote 

= (o n _i, a n _ 2 , • • • , 01), (3.9) 
I(~ct, k) = {(ai + ci - c 2 ,a 2 +c 2 - c 3 , • • ■ ,a„_i + c n _i - c„) | c, G N 

n 

such that Ci — k and c s+ i < a s for s G 1, n — 1}. (3.10) 

i=l 

Set 



n-l 



W ^ = E fOT ^ G N " _1 ' ( 3J1 ) 
»=1 

Lemma 3.4 (Pieri's formula cf. [FH]) (1) For any it G N™ _1 , the tensor product of sl n -module 
V(co-^) with V(kcoi) decomposes into a direct sum: 

V(u lt )®V(ke,i) = V{u: t ). (3.12) 

(2) For sl n , we have V(lo-^)* = V(u-g.) and 

K(a^)®V(fcw n _i)= V(cj t ,). (3.13) 

In the rest of this section, we will concentrate on some special wedge and tensor modules for sl$. 
Take {hi = — E i+ i^ i+ i{i G l,4),Eij(l < i j < 5)} as a basis for Lie algebra SI5. Then {y^(i G 
1,4), -^ff(l < i 7^ j < 5)} is its dual basis via the Killing form, where 

,* 4 , 3 , 2 , 1, u* 3 , 6 , 4 , 2 , 
«i = g«i + g/i2 + -/13 + g«4, h 2 = -hi + -hi + -h 3 + -hi, 

2 6 3 1 2 3 1 

h* = -hi + -hi + -h 3 + -h 4 , K = T h i + T h 2 + -=h 3 + -hi. (3.14) 

OOOO OOOO 

And the Casimir operator c of the universal enveloping algebra of sl$ is 

I 4 

c =^(J2 hih i+ E E ^-Eo,i). (3.15) 

*=1 i&thS 

Relative to the ordered basis wi,W2,W3,a>4, the coordinates of the simple roots a>i(i G 1,4) are: 

ai = (2,-1,0,0), a 2 = (-1,2,-1,0), a 3 = (0, -1,2,-1), 04 = (0,0,-1,2). (3.16) 

And the killing form for the simple root a,(i G 1,4) are: 

f 0, |i-j|>l, 

(«<»«j) = s i * = i. ( 3 - 17 ) 
I -A, l<-il = i- 
4 

Lemma 3.5 Assume L = sl 5 , Cl = c and er = — fcjaj in Lemma 3.4-. Then Xa+\{c) in is 
explicitly given by: 

_ Ai (4^i + 3/x 2 + 2/x 3 + m) A 2 (3^i + 6^ 2 + 4^ 3 + 2^ 4 ) A 3 (2/ii + 4fi 2 + 6^ 3 + 3^ 4 ) 
x °+ x( - c >- 50 + 50 + 50 

4 4 

w . „ . „ , , x E fc 4 2 - fc i fc 2 - k 2 k 3 - k 3 k 4 -J2 k i- ki{Xi + ^) 

Xi(Hi + 2/x 2 + 3^ 3 + 4^4) . i= i i= i , Q1Q , 

+ 50 + 10 ' (3 - 18) 



From (2.7) and (2.9), we know that Lo ~ s/5. And Lo-modulc L_i is isomorphic to fundamental 
module V(i02) = W. The set of its weights and the basis for the corresponding weight space are tabulated 
in Table 1. The _L - m °dule L\ is isomorphic to highest weight module V(ui + uj 2 ) with lowest weight 
vector X5CZ45 (cf. Table 9). 

Lemma 3.6 The wedge module A k W (k G 1,10,) for sl 5 are decomposed multiplicity freely into 
irreducible components, which are listed in Table 2. 

Proof By Weyl's dimension formula, we get: dimV(wi + W3) = 45, dimV(2w 3 ) = 50, dimV(2c<Ji + 
LOi) = 70, dimV(3cji) = 35, dimV(cji + uj 3 + w 4 ) = 175, dimV(2cji + u> 3 ) = 126, dimV^ + 2w 4 ) = 126. 
Since dimVF = 10, dim A k W = Cf . Thus the decomposition follows through comparing the dimensions 
of both sides. □ 

Lemma 3.7 The tensor module V(koj4) <S> A n W (k G N, n G 1,10,) for sl 5 are decomposed into 
irreducible components, which are listed in Table 3. 

For any highest weight module V(p) of simple Lie algebra SI5, denote the set of its weights by LT(^), 
which are listed by { | j G 1, |n(/x)|}. Let {v^ k \ j G 1, |II(^)|, k G 1, mult( u^ 1 )} be the Verma basis 
for the weight space of weight wt^ 1 , where mult('u^) denotes the multiplicity of the weight ~u$^. 

Lemma 3.8 For [i G {W1+W3, 2W1+W4, 3cji} 7 the setH(fi) of weights for V (^1) and their corresponding 

Verma bases for every weight space are listed in Table 5- Table 8 in the Appendix. 

4 

Proof Assume M — S m i UJ i- The set II(/u) is obtained by the algorithm from [W]. The Verma bases 

i=l 

4 

for the weight space with weight [i — ^ kiOn are (cf. [LMNP], [RS]): 

«=i 

(/r° f? ir ir ) in 6 f* 5 ft ) (fi 3 mil 1 «„> (3.19) 

where 

aio + «6 + «3 + «i = ki , a 9 + a 5 + a 2 = k 2 , a 8 + a 4 = fc 3 , a 7 = fc 4 , 
< &i < mi, < a 2 < m 2 + Oi, < a 3 < min(m2, a 2 ), 
< &4 < m-3 + a 2 , < ft5 < min(w3 + a3, 04), < a§ < min(m3, 05), 
< 07 < r«4 + &4, < a 8 < min(m4 + a 5 , 07), < ag < min(a 4 + a 6 , as), < a w < min(m 4 , ag). (3.20) 
□ 

Remark 3.9 The coordinates of the weights appearing in Tablel, Table5-Table9 are with respect 
to the ordered basis u>i, uj 2i uj 3 , uj 4 . The basis of every weight space appearing in these tables are Verma 
basis. 

4 Singular vectors for GVM of E(5, 10) 

In Section 4.1, we analyze the detailed structure of the generalized Verma module M over E(5, 10). 
It turns out that there is a grading on M and each graded subspace is a finite dimensional sl 5 - module 



(cf. Equation (4.6) and (4.7)). Moreover, any singular vector for M is controlled by its leading term 
through an exponential-like differential operator (cf. Equation (4.27) ). In section 4.2, we inductively 
prove that any leading term must satisfy three equations, i.e. (4.28), (4.35) and (4.37). Based on the 
Lemmas in Section 3, we simplify these three differential equations and prove that any singular vector is 
of degree less than or equal to four. Also, the leading term of any singular vector must lie in one of the 
tensor decomposition of four tensor product module for sl$ (cf. Theorem 4.6 ). 

4.1 Gradation for GVM 

Set 

T = {0, 1}, T' = {(45), (35), (25), (15), (34), (24), (14), (23), (13), (12)}. (4.1) 
Define order " -<" on the set V by: 

(45) < (35) < (25) < (15) < (34) -< (24) -< (14) < (23) < (13) < (12). (4.2) 

For n = (ni2, ni3, ni4, «24, «34, "15, "25, "35, ^45) <E T 10 and m £ N 5 , we take the following notations: 

n±£jj = (n 12 , ■■■ ,n,ij ± 1, • • • , n 45 ), m ± = (mi, • • • ,m, ± 1, • • • ,m 5 ). (4.3) 

Let 

d~ = d^d^d^d^d^d-td^d^d^d^, (4.4) 

QSL = gmi grn 2 grn 3 grn A grn 5 ^ 

Then the induced module M is spanned by {d m 4-v u \ n £ T 10 ,m £N 5 ,v £ 11(A)}. Define 

d' m A n V — Span{<9^d^ | \m\ = m, \n\ = n}, M k = Span^e^ | 2m + n = k}. (4.6) 

Then 

M = 0M*. (4.7) 

fcSN 

Definition 4-1 We say any nonzero vector of M k is of degree k. 
The equations 

[xid Xj , dki] = 5j. k du - Sjidik, [2:5^45,^12] = x 5 d X3 , [x 5 d i5 ,di 3 ] = -x 5 d X2 , [215^45,^23] = x 5 d Xl , 

[2^45,^4] = 0(i £ T73), [2:5^45,^5] = 0(i £ M). (4.8) 

yield 

L .d m A n V£ d m A" V + d m+1 A™~ 2 V, x 5 d 45 .M k C M k _ x . (4.9) 

That is to say, every graded vector subspace M k is an s/5-module and every singular vector for E(5, 10)- 
module M is in a certain graded subspace M k . 



In the following of this section, we consider the maximal vectors for sZs-module Mk- On any linear 
vector space d m A™ V, we define the following linear operators: 

(— 1)1^1 : d m A™ V -)■ d m A" V; d—d-v ^ (-1)< H '« WNPh), 

1-171 ^ 

: a m A™ F ^ <9 m A" V; <9^d%; i-> (_i)(feO^(«)^W) d™^, 
tfiAn : <9 m A™ V -»• <9 m A" V; <9^d^ ^ n fe z<9^+^- £fc <t;, 
: <9 m A™ V -> o> m+1 A" V; d 22 -^ ^ d m+£i d^, 
8 Zi : d m A" V -> a™" 1 A" V; H- m i d sl -- et <Pv, 

E itj :d m A n V^ d m A" V; <9^w H- d^d^{E itj .«). (4.10) 

Set 

(^)o= E (-^'^'fe^- (^^^A + KJi + ^i^i); (4.ii) 

(x3d Xi )- 2 = z 5 d Vli d y2i , (4.12) 

(a; 4 ax.)-2 = *i0 w .0 y , B + (-i) 1+|15 ' 35| ^^ 15 a M5 + z 3 9 yi5 a y25 . (4.13) 

Using these settings, we could formulate the equation (2.12) in the following explicit form: 

X!d X2 = {x!d X2 ) , x 2 d X3 = {x 2 d X3 ) , 

x 3 d X4 = (x 3 d X4 ) + (x 3 d X4 )- 2 , x 4 d X5 = (x 4 d X5 ) Q + (x 4 d X5 )- 2 . (4.14) 
According to the Cartan subalgebra of L , M can be decomposed to the following direct sum of subspaces: 

M = M M , M p = Spaa{&^<Pv v | (x t d Xl - x i+1 d Xi+l ).d^d^v v = mffNPv v }, (4.15) 

where 

Hi = m l+ i — m» + U(n) + v u 
ti(n) = n 13 + n 14 + n 15 - n 23 - n 24 - n 25 , t 2 (n) = n 12 + n 24 + n 25 - n 13 - n 34 - n 35 , 
t 3 (n) = ni 3 + n 23 + n 35 - n 14 - n 24 - n 45 , t 4 (n) = n 14 + n 24 + n 34 - m 5 - n 25 - n 35 . (4.16) 

4 

For any vectors v G M^, we say that it is of weight [i and denote wt(u) = /U, |wt(t>)| = = 

i=l 

Proposition 4-2 The differential operators (xid Xj )o(l < i ^ j < 5) and £i<9 Xi — x i+ id Xi+1 (i € 1,4) 
give every vector space d m A n V an sl 5 -module structure, which is isomorphic to tensor module V(muj 4 )® 
A n W®V for sl 5 . 

Proof The module isomorphism is given by: 

<t> : V(muj 4 ) <8> A n W ® V -> <9 m A" V; 21 ® (d;^ A • • • A d inj J ® v ^ • • • d injn v. (4.17) 

□ 



Denote 

r fc = {(m,n) G N 2 | 2m + n = fc} (4.18) 

For any (m, n) G I\, let 

r^ m ' n) = {(m', n') G T fe | m' > m} (4.19) 

Assume £ G is any E(5, 10) singular vector. Then there exists (to, n) G such that 

£G d m ' A™' V (4.20) 

For emphasis, we write 

(m'n')er< m,n) 

We say that £ m> „ is ifte leading term of £ m >". It follows from (4.14) that £ m ' n must satisfy the following 
equations inductively: 

{xid Xi+1 ) 4 min = 0(i G T74), 

{x i d Xi+1 )- 2 4m', n ' + (.x i d Xi+1 )o4 m . +1 , n .-2 = 0, ^elT4, (m>')er[ rai "'. (4.22) 

Remark 4-3 From Proposition 1^.2 and (4-22), we derive that the leading term £ TOi „ of any singular 
vector £ = £ m ' n is afeo a singular vector of the tensor product module V(mco4) (g> A n V(w2) <8> V(X) for 
simple Lie algebra sl§. In the following, we will point out that any singular vector £ = £ m <™ is completely 
controlled by its leading term ^ mi „ through certain exponential-like differential operator. 

Set 

P= E (4-23) 

(fei)-<(*j)er',Tnei,5 

where e m ijki is defined in (2.6). The operator P is checked to satisfy the following equations: 

[{x 3 d X4 )- 2 ,P] =0,[(x 4 d X5 )_ 2 ,P] =0, [(n^Jo.-P] -0,[(^ 3 ) ,P] =0, 

[^3^)0, P] - 2(x 3 a E4 )_ 2 , [(^AJc-P] - 2(z 4 a E5 )_ 2 . (4.24) 

Inductively, 

[(xid Xi+1 ) ,P k ] = [ Xi d Xi+1 ,P k ] = 2kP k ~ 1 (xid Xi+1 )-2, k 6 N. (4.25) 

It implies 

Xid Xi+1 .e--* P U,n = 0, (a^Jo-e^f 1 " - 0. (4.26) 

Thus we prove the following formula: 

Proposition 4-3 Assume £ m '™ = £m',n' G is any singular vector for E (5, 10) -module 

(m'n'Jer^'"' 

r-" = e^ P £ m ,„. (4.27) 



-1 r» 



4.2 Singular vectors for GVM 

In this section, we continue the discussion concerning the equation (2.13) in Definition 2.1. Recall 
the notations in (4.10), set 

(x 5 d 45 )i = (-l) 1+|45| a z5 y 45 , (4.28) 

(x 5 d 45 )-i = -Z3d z& d yi2 + (-l)Wz 2 d Z5 d yi3 + (-i) 1+ w Zl d Z5 d y23 
+ d yi2 E 53 + (-l) 1+ ^d yi3 E 52 + (-lf 3 % 23 E 51 

+ (-^ 13 ' 15] yud yi2 d yi3 + (-i)' 23 ' 25 A 3 + (-i) |13|+|23 < 35 W, 13 a y23 

+ (-i) 1+|34 - 4 S45^ 12 a, 34 + {-i) 1+mu ^d y23 d yi4 + (-i)' 13 '+i 24 < 4 S 4 5« 24 , 

(4.29) 

(x 5 d 45 )- 3 = (-i) |23 ' 34| ^i^ 12 ^ 23 a, 34 + (-i) 1+|23 - 24|+|13| ^i^ 13 ^ 23 a, 24 
+ {-i)^z 2 d vl3 d V23 d yu + (-i) 1+ll3 ' 34l z2d yi2 d yi3 d y3i 

+ ( _ l)' 13 ' 24 ' z 39 !yi2 9y 13 9j /24 - z 3 d yi2 d y23 d yi4 - Z4d yi2 d yi3 d y23 . (4.30) 

It follows from the equation (4.8) that 

x 5 d 45 .d m A™ V C d m - Y A™ +1 V + d m A"" 1 V + d m+1 A™" 3 V, x 5 d i5 .M k C M fe _ 1; 

£5^45 = (x 5 d i5 )i + (x 5 d4, 5 )-i + {x 5 d i5 )- 3 . (4-31) 
Furthermore, £ m '™ must satisfy the following equations inductively: 

(x 5 d 45 )i.^ m ,„ = 0, (a;5d45)_i.^ m ,„ + (0:5^45)1 -£m+i,n-2 = 0, 

(a;5^ 4 5)-3-Cm,n + (^5^45)-l •Cm+l,n-2 + (^5^45)l-^m+2,n-4 = 0, 

{x 5 d 45 )- 3 4 m , tn > + (x 5 dt 5 )- 1 4 m > +ltn >-2 + (x 5 d45)i4m>+2,n>-4 = 0, for any (m',n') € (4.32) 
Applying (4.27), the leading term £ mj „ should be killed by the following three operators: 

(^45)1, (a; 5 d45)-i + (x 5 d A5 )i(~P), (x 5 d i5 )-3 + {x 5 d 45 )-i(~P) + {x 5 d 45 )i{^P 2 )- (4.33) 

We can reduce the last two differential operators to be of more explicit forms. Indeed, the following 
relations are easily checked: 

[(x 5 d 45 ) u p] = -z 3 d Z5 d yi2 + (-i)^z 2 d Z5 d yi3 + (-i) 1+ w Zl d Z5 d y23 

+ (-i) 1+|34 < 45 W, 12 % 34 + (-i) 1+ ^ + ^y i5 d V2;i d Vli + (-i)l 13 l+' 24 < 45 W yi3 d, 24 , 

[[(x 5 d 45 ) 1 ,P},P] = 2(x 5 d i5 )- 3 + 2z 4 d m2 d yi3 d y23 , [(x 5 d i5 )_ 1 , P] = 3(x 5 d 45 )_ 3 . (4.34) 



Therefore, 



[(a; 5 rf 4 5)-i + {x5d 45 )i(--P)]£ m ,n 

= {(x 5 d45)-l ~ ^-P(^5rf45)l - ^[(^5^45)1, -P]Rm,n 

by( i- 34) \-\z Ml2 + \{-i)^ Z2 d A3 + { -iy+w± Zldz5dy23 

+d yi2 E 53 + (-l) 1+ ^d yi3 E 52 + (-l)^d V23 E 51 
+(-l) |13 ' 15 W yi2 d yi3 + (-i) |23 < 25 W yi2 d y23 
+(-l) |13|+|23 < 35 W y A 3 + i(-i) 1+|34 < 45 W yi2 3 y34 

+^(-i) 1+|23|+|14 < 4 V^ y23 a yi4 + i(-i)i 13 i+' 24 < 4 S45d yi3 3 y2 jw 
by = n) [(s 53 + i(x 5 ^ 3 )[, - lz 3 d Z5 )d yi2 + (e 52 + l( X5 d X2 y ^a» B )(-i) 1+ i 13 i^ 



yi3 



+(E 51 + \{x 5 8 Xl )' - ^i9 Z5 )(-l) |23| a y23 ]C m ,„ (4.35) 



Hence, 



P(x 5 d 45 )-i^ m .n = l;P(x 5 d i5 )iP£„ hn = ^P[(x 5 d i5 )i,P}C m ,n- (4.36) 



Furthermore, (4.34) and (4.35) imply that 

[(x 5 d 45 )- 3 + (x 5 d45)-l(-^P) + (x5d45)l{^P 2 M,n.n 

3 1 

= {(x 5 d45)-3 ~ ^(x5d45)-3 - ^ F '(^45) -1 

+l[[(x 5 d45)uP},P] + lp[(x 5 d4 5 )i,P] + lp(x 5 d 45 )iP}^ 



by(4.34),(4.35),(4.36) r 1 1 



[--(x 5 d 45 )- 3 + -Z4d Vl2 dy 13 dy 23 \£ > m :n 



1 [^(-1)1^1 + 123,241^^^^ _ ^(-1)123,34,^^ 



+z 2 (-i)i 13 ' 34 i9 yi2 a yi3 a y34 - z 2 (-i) |13| a yi3 9 y23 a yi4 

+ Z3dy 12 dy 23 dy 14 ~ Z 3 (~ 1 ) 1 1 <9 yi2 By^ + 2Z 4 dy 12 Oy^ 8y 23 ] £ TO ,„ . (4.37) 

Denote the set of all the highest weight vectors for tensor modules V(muj4) A n W by 

Sm.n = { e m,n; ' e m,n' ^ } (4.38) 

By Lemma 3.3, any singular vector £ mi „ of the tensor product module V(muj4) /\" ^(u^) ® V"(A) for 
sl$ can be written by the following form: 

U,n = 4>,„ ® + • ■ • . (4.39) 

We consider the set 

S' m ,n = {<a,n & S m , n \ O^.^e^ ® v) = 0, 

[(x 5 d 45 )-3 + (x 5 d 45 )-i(-^) + (^5d4 5 )i(^ 2 )].0(eL,„ ®f)=0,V«€ V(A)}. (4.40) 



Proposition 4-4 All the non empty set of S' mn are listed in the following: 

S o,o = ^0,1 = {^12}, S' 2 = {di2 A di 3 }, S' 3 = {d 12 A d 13 A d u }, S^ A = {d 12 A d lz A d u A di 5 }. 

Proof Let V(n) be any highest weight module appearing in the decomposition of the s/ 5 wedge module 
A n V(uj 2 ) (cf. Table 2). And the highest weights appearing in the decomposition of V(muJi) <g> V(n) are 
listed in Table 3. By Lemma 3.3, the maximal vector in the tensor module V{mu)i) <g> V{fi) is written as: 

9s®l»+^&-®v 1 , (4.41) 

where satisfies Ei 2 l^ = 0,^23^ = 0, .£34/^ = 0, .E^ +1 Z M = 0. By detailed calculation, we get all the 
l^, which are listed in Table-4. A straightforward but messy check case by case shows that the assertion 
holds. □ 

Remark 4-5 For the 10-tuple d\ 2 A dv& A • • • A CZ45, we use the notation di 1 j 1 A di 2 j 2 A • • • A di k j k to 
denote the (10-k) -tuple where • • • , di k j k have been omitted in Table 4- 

To summarize Proposition 4.3 and Proposition 4.4, we have proved the following statement in this 
section: 

Theorem 4-6 Any singular vector for E(5, 10)-module M is of the form: 

£° ,n = e-* p £o, n , neTA 
where the leading term £o,n satisfies the equation: 

[(£ 5 3 + ^5«R 12 + (^ (4.42) 
Moreover, £ ,n is the maximal vector lying in one of the following sl^-tensor modules: 
£0,1 G V(oj 2 ) ® V(A), £0,2 e V(m + w 3 ) ® V(A), Co,3 G V(2wi + w 4 ) ® V(A), £ ,4 G V(3wi) ® V(A). (4.43) 



5 Singular vectors degree by degree 

In this section, we work out all the singular vectors in Theorem 4.6 explicitly degree by degree. 
Before turning to the calculation, we introduce some formula which we are going to use in the remainder 
of this section. 

Recall that we could endow any vector space A m V an sl 5 - module structure with the action (xid Xi )' — 
(x i+ id Xz+1 )' Q (i G 1,4), (xid Xj )' (i ^ j), which is isomorphic to the tensor product module /\ m V{oj 2 ) ® 
V(A) in Section 4.1. Now we define the following differential operator on the sZ 5 - module A m V: 

1 4 

i=l l<i^i<5 



T i jki = [E ij +\(x i d x M- 1 ) lkll 9y kl + [E ik +^ (5.2) 



Lemma 5.1 Assume G Sp&n. v {yijd Vkl | 1 < i < j < 5, 1 < k < I < 5}. Then 

l<i<j<5 l<i<j<5 

where 

4 Jj ^ 

Qij = Qij{c + X! lo"' 1 ^ + 10 ^ ^ mEjm ~ Q^m E im), 
k—1 m^i.j 

i:j by(4.i6) 

•Sfc = t k (n) -t k (n- tij) (5.3) 

for any fc G M,n G T 10 , (y) G 5". 

Proof Indeed, the formula (5.3) follows from: 

[(-^d ytJ ,c]\^ v ^ l-(J2(-i) w d ytk E kl - ^(-i) w a %fc ^ + ^^(-i)^a^/ i DU m y. (5.4) 



k^i,j k^i.j k—1 



□ 



Lemma 5.2 We could define the following intertwining operators between the sZs-modulc V(lo\ + 
oj 2 ) ® A m V and A^V by: 

T m : V( Ul + ua) ® A m F -> A" 1 - 1 !/; i^+" 2 8{h> T 5 , 123 (0, (5.5) 

where w^jl" 2 is the lowest weight vector for V(oji + (cf. Table 9) and £ is any maximal vector in 
sZ 5 -modulc A m V. 

Proof Since the s^-module + W2) ® A" 1 ^ is generated by such vectors of t>3oj~" 2 <8> £ by part 

(4) of Lemma 3.3, the assertion follows from the following formula: 

[{xi + id Xi )' ,T htl 23\\^v = 0, «eT74, 
[{x s d Xt ) ,Tijki]\A m v — St,iT s jki — SgjTijki — 6s,kTi,jti — Ss,iTi,jkt- (5.6) 

□ 

5.1 Singular vectors of degree one 

Theorem 5.3 All the possible degree one singular vectors are listed in the following: 

d\2V\, where A = (to, n, 0, 0), to, n G N; 

TT c -X<t+a(c) jzz-d^vx, where A = (m,0,0,n), m G N, 1 < n G N; 

wt(^)i<. 2 ^(W (c) -^ +A(c) 

FT c -X<t+a(c) where a = (0, 0, m, n), 1 < m G N, n G N. 

wt ( ^ CT <. 2 ^(^)+^ (c) -^ +A(c) 



Proof The leading term of any singular vector of degree one can be written as 

£0,1= ^2 dijVij, Vij G V(A), (5.7) 

l<i<j<5 

which should satisfy : 

75,123.^0,1 = [d yi2 E 53 + (-l) 1+ ^d yi3 E 52 + (-lf 3l d y23 E 51 Uo.i = 0, (5.8) 

i.e. 

-B53U12 - E 52 v u + E 51 v 2 3 = 0. (5.9) 
Note that (xid Xj )o-^o.i = (1 < i < j < 5) imply that 

V13 = -E 23 v 12l v 2 3 = Ei 3 vi2 = -E 12 vi 3 , = -E 3i vi 3 , vi 5 = -E 25 vi 2 = -E 35 vi 3 , 

v 2 5 = E 15 v 12 = -E 35 v 23 , u 35 = Ei 5 v u = -E 23 v 25 = E 25 v 23l v i5 = -E 3i v 35 . (5.10) 

Obviously, v\ 2 / 0. 

Case 1. wt(£o,i) = ^{d\ 2 v\). 

In this case, v\ 3 = v 23 = 0, v 12 = v\. And (5.9) implies that £'5,3.^12 = E 5t3 .v\ = 0. That is to say, 
A = (m, n, 0,0), (m,n) G N 2 . 

Case 2. wt(£ ,i) G {wt(di 3 v x ), wt(di 4 v\), wt(di 5 v x )}. 
In these three cases, we have v 23 = 0, i>i3 ^ 0. 
Case 2.1 wi(£ ,i) G \ytt{d\ 3 v\), wt(di 4 u,\)} 

In these two cases, U15 = 0, v\ 3 ^ 0, (h 2 + h 3 + hi).v\ 3 = (A 2 + A 3 + A 4 )vi 3 . Hence, 

= E 25 (E b3 .vi 2 - E 52 .vi 3 ) = (E 23 + E 53 E 25 )vi 2 - (h 2 + h 3 + h 4 + E 52 E 25 )vi 3 
= -(1 + h 2 + h 3 + h 4 )v 13 - E 53 v 15 = -(1 + h 2 + h 3 + h 4 )v 13 = -(1 + A 2 + A3 + A 4 )wi 3 (5.11) 

provides a contradiction. 

Case 2.2 wi(£ ,i) = wt{di5V\) 

In this case, V15 — v\ and wt(i>i3) = A — a 3 — a.4. And 

= £ 25 (£53 -^12 _ ^52^13) = -(A 2 + A 3 + A 4 )wi3 - E 53 v 15 , 

= E 35 E 25 (E 53 .v 12 - E 52 .v 13 ) = -E 35 (\ 2 + \ 3 + \ 4 )v 13 -E 35 E 53 v 15 = (A 2 + A3 + A 4 - h 3 -h 4 )v 15 = X 2 v 15 

(5.12) 

forces A 2 = 0. 

Case 2.2.1. A 3 = 0, A 4 > 0. 
Suppose 

T5,i2 3 .2 fe = E QifH-^dy^. (5.13) 

l<i<i<5 



By (5.3), Q\ 5 v\ = (Q° 12 E 52 + Q° 13 E 53 )v x = 0. Then 

75,123-^0,1 - [d yi2 E 53 + (-l) 1+ ^d yi3 E 52 + (-l)Wd V23 E 51 }.£.d 15 v x = Q\ 5 .v x = 0. (5.14) 

Therefore, A = (to, 0, 0, n), m G N, n > 0. 
Case 2.2.2. A 3 > 0, A 4 > 0. 

Note that E 54 v x ^ 0. Since 15,123. c.d\^v x = Q\ b .v x — 0, the equation (3.8) implies 

T 5 ,i23-£o,i = T 5 , 123 .c 2 .d 15 v x = Q 2 15 .v x = (E 53 E 42 E 54 - E 52 E 43 E 54 )v x = 0; (5.15) 

which yields 

= E 34 E 25 {E 53 E 42 E 54 - E 52 E 43 E 54 )v x = -A 3 (l + A 3 + Xi)E 54 v x . (5.16) 

A contradiction arises. 

Case 3. wt(£ ,i) S {wt(d 23 v x ),wt(d 24 v x ),wt(d 34 v x ),wt(d 25 v x ),wt(d 35 v x ),wt(d 45 v x )}. 
In these cases, v i3 ^ 0,v 23 ^ 0. Set 

Q = E 53 .v 12 - E 52 .v 13 + E 51 .v 23 , E 15 Q = Q 1 , E 25 Qi = Q 2 ,E 35 Q 1 = Q 2 . (5.17) 

Then 

= Qi = E 13 vi 2 + E 53 E 15 v 12 - Ei 2 vi 3 - E 52 E 15 v 13 + (hi + h 2 + h 3 + h 4 )v 23 . (5.18) 

Case 3.1. wt(£ ,i) G {wt(d 23 v x ), wt(d 24 v x ), wt(d 34 v x )}. 
In these three cases, we have ^23 ^ 0, v 25 = v 35 = 0. So 

= Qi = (2+|wt(«23)|)«2 3 (5-19) 

induces a contradiction. 

Case 3.2. wi(£ ,i) = wt{d 2 5v x ). 

In this case, v 35 = and wt(^23) = A — a 3 — a 4 . So 

= Qi = (2 + |wt(«2 3 )|)«23 + ^53^25,0 = Q 2 = -(|A| + 2 - h 3 - h 4 )v 25 = -(Aj + A 2 + l)v 25 (5.20) 

force Ai + A 2 + 1 = 0. A contradiction arises. 
Case 3.3. wt(£, ,i) G {wt(d 35 v x ),wt(d 45 v x )}. 
In these two cases, v 35 ^ 0. And the equations 

= Qi = {2+\wt(v 23 )\)v 23 +E 53 v 25 -E 52 v 35 ,0 = Q 2 = (I + \wt(v 23 )\ - h 2 - h 3 - h 4 )v 35 = Xiv 35 (5.21) 

imply Ai = 0. Recall the intertwining operator defined in Lemma 5.2. In these two cases, T5 i i2 3 (^o,i) = 
is equivalent to T 1 \ v(uJl+UJ2)(sv(w t iio a)) = 0. Assume ^ 1+W2 )®(wt«o,i)) is an Y maximal vector of weight 
A appearing in the tensor decomposition V(o>i + w 2 ) <g> ^(wt(£ ,i))- Then TV^+^.g.vfwt^o.i)) = iff 

Tl ( w (U+ W2 )®(wt(?o,i))' ) = °' 

Case 3.3.1 wt(£ ,i) = wt(d 35 v x ) = (0, A 2 - 1, A 3 + 1, A 4 - 1). 



Indeed, 1 X2 -i a . 3+1 a 4 -i)) m this case cou ld be written as: 

^ ,1 ( u (l,l,0,0)lgi(0,A2-l,A3+l,A4-l)) 

= (74,345 + ^2,235)^0,1 + 7:(7l,135 - T 2 , 235)^0,1 - : , . (73.345 - T2,245)-(x4dx 3 )o-£,0.1 

Z 1 + A3 

1 3 

- - , , (7*2,245 - 7 1 i.i4 5 ).(x 4 9 ;I ; 3 )o.Co,l - -1 : . -^—T 2 .345.X 4: d X3 .X3d X2 ^o,l 

Z + ZA3 1 + A2 + A3 

+ (1 + a 2 6 + + a 3 3 )(i + 

r 7\ ,345 • O2 1 )o • O3 d X2 ) • {X4, d X3 ) -Co, 1 



(1 + A2 + A 3 )(1 + A 3 )" 



Case 3.3.2 wt(£ ,i) = wt(d 45 v\) = (0, A 2 , A 3 - 1, A 4 ). 
Suppose A 2 7^ 0. Then 

Tl ( U (i,l,0,0)<g>(0,A2,A3-l,A 4 )) = — 3-^(^3,345 ~ 72,245)^0,1 - y (72,245 - 7l, 145)£o,l 

2A 2 (A2 3) 

+ 72,345-(a;39x 2 )o^o,i - T 1M5 .(x 2 d xl ) .(x 3 d X2 ) 4a A = — — | w 4 5 7^ (5.23) 

induces a contradiction. Assume A 2 = 0. Then it is easily checked that 

Tl ( w (l,l,0,0)®(0,A 2 ,A 3 -l,A 4 )) = I 2 ( T 3,345 - 72,245) + (72,245 - 7i,i 4 5)]£o,l = 0. (5.24) 

Thus A = (0, 0, m, n). The proof is complete by Lemma 3.3. □ 
5.2 Singular vectors of degree two 

Theorem 5.4 All the possible degree two singular vectors are listed in the following: 

TT — ^Trr ~ 7^-di2di 5 v\, where A = (m, 0,0, 1), m 6 N. 

wt( dl2dl5 )i< Wl+W3 ^wt (dl2dl5)+ A( C ) - X. + a(c) 

Proof The leading term of any singular vector of degree two could be written as: 

£0,2 = Yl <k + " 3 4k, 4k G V(X), (5.27) 

jei^35,fcei,mult(^7 1+ " 3 ) 

which should satisfy T5, 123. £0,2 = 0. Assume 

7 , 5 ,i23-Co,2 - dijtij^ij GV(X). (5.28) 

l<i<j<5 

Then we could derive the following equations: 

tl2 = £?52«l,l - ^51«2,l = Ml5 - ^53«5,1 ~ ^lo.l + ^5l(«ll,2 + V 11, S ) + v l,l = 0, 
tl 3 = £?B3«l,l - ^51«e,l = 0, *25 = ^53«g,i + ^5 2 («ii,i + «n, 3 ) + ^51^19,1 + «2,1 = 0, 
*23 = ^53^2.1 ~ ^52«6.1 = 0, % = £53(^1 + 2 ) - £52^171 + ^51^22,1 + «6,1 = °' ( 5 - 29 ) 



since 



It follows from v± x ^ that one of 1; Vi 01 , v± 12 + v± 13 should be nonzero. Hence, the information of 
the weights in Table 5 implies that wt(£o,2) should be restricted to the following cases: 

wt(£o,2) G {A + wtg 1+W3 , A + u^g 1+W3 , A + w^io +W3 , A + v$"l +U3 ,\ + ^ 6 1+Ws , A + ^ 6 1+W3 , 

A + ^ +W3 , A + 1&% +U * , A + ^l +U3 , A + !&'& +Ua , A + ^f +W3 (i e 24735)} (5.30) 

Case 1 wt(£ , 2 ) G {A + A + ^ 1+Ws , A + ^ B 1+Ws } 

In these three cases, l — u 6.i = 0- 
Case 1.1 ttft(f ,2) = A + ^^ 1+W3 

We have wt(wi ;1 ) = A - a 3 — a 4 and A 4 > 0. So = E 25 .ti 2 = E 2 5-E 52 Vi 1 = (h 2 + /13 + /i4)«i 1 = 
(A 2 + A 3 + A 4 - l)v£ A yields (A 2 , A 3 , A 4 ) = (0, 0, 1). Then X^-i+'-a (c) = ^^g^ by Lemma 3.5. And 

75,123^0,2 = 75,123.(0 - x^i+"3 (c)).di2di 5 .«A = T b .i 23 .c.di 2 di b .v x - Xj$»i+»s (2)^15^53.^ = 0, (5.31) 

75,123-C.dl2dl5-«A ^ — Qi 2 rfl5«A ~ Q^C^A! 

where 

<9l2 ^ ) Ql2(c+ ^) + Y^Ql3 E 23 - ^Q23 E 13, Ql5 ^~ ) J^(Q\2 E 52 + Ql 3 E 53 ), 

n 771 1 ( x 5d X3 )o n jp ( x 5dx 2 )'o n j? 1 ( x 5d Xl )'o 
Vl2 = ^53 H 2 ' ^13 = - - t '52 g ' ^23 = ^51 H ^ ' 

b (5 1) 1 ^ 1 3A 3 ^ 
c.di 5 -y A ' =' j^[di 5 (hl - h* 4 ).v x +^2d li E 5i v\] = —{ d 15 v\ + ^ duE 5i v\]. (5.32) 

i=2 i=2 

That is, A = (to, 0,0,1). 

Case 1.2 wt(£ , 2 ) = A + t^ 1+< " 3 

We have wt(t^ A ) = A — a 2 — a 3 — a 4 and A 2 > 0, A 4 > 0, i^s-t^i = — ^io,i- So 

= E 25 t 12 = (h 2 + h 3 + ft 4 )«i,i + ^52-^25^1,1 = (A 2 + A 3 + A 4 - 2)^ - S52-«i ,i, (5-33) 

= £7| 5 ti2 = ^25.[(A 2 + A 3 + A 4 - 2)^! - £?52.«io,i] = -2(A 2 + A 3 + A 4 - 1)^ 01 (5.34) 

yields a contradiction. 

Case 1.3 wt(£ 0t2 ) = A + t^ 5 1+< " 3 

We have wt(ui a ) = A — a 3 and A 3 > 0, £23-^1 s = — «io i- Then 

^63«5,l - ^52^10,1 + «£l = 0, (5.35) 
= £25(^53^5,1 ~ ^52«io,l + = £23^5,1 - {h 2 + h 3 + ft 4 )«l ,l + ^25^1,1 (5.36) 

imply (A 2 , A3, A 4 ) = (0, 0, 0). A contradiction arises. 

Case 2 wt(£ , 2 ) G {A+ tit g Jl+W3 , A + ^^ +W3 , A + t^ 6 1+W3 , A + U^+" 3 , A + U^ 9 1+W3 , A + ^ 1 1+W3 , A + 
u^a 1 +W3 , A + t^ 1 +W3 (i e 24735)} 



Case 2.1 wt^o.2) = A + ^g 1+ " 3 

We have v 21 ^ 0, since S35V2.1 = ~ w 9.i- Note that Vq A — 0, = -Ei5"2,i = 0> ^12^1,1 = - v 2.i> 

wt(«2 i i) = A — a 3 — 0:4 and Ai > 0, A 4 > 0. Then 

4 

= E 15 .t 12 = E lb .{E 5 2vl x - £51^,1) = (^12 + ^52^15)^1,1 - h i + E 5iEi 5 )vl x (5.37) 

i=l 

implies |A| =0. A contradiction arises. 

Case 2.2 wt(£ , 2 ) € {A + ^ 1+W3 , A + ^ 6 1+W3 , A + ^+" 3 , A + ^ 9 1+ " 3 , A + ^ 1+W3 , A + ^ 2 J 2 1+ " 3 ^ + 
^ 1+U3 (i G 24735)} 

Case 2.2.1 wt(£ , 2 ) G {A+^ 1+ " 3 , A+^ 6 1+ " 3 , A+H^+" 3 , A+^ g 1+aJ3 , A+^ 1 1+W3 , A+^ 2 1+ " 3 ,A+ 
+" 3 , A + +" 3 , A + ^7 + " 3 , A + ^29 + " 3 1 A + +"' 3 , A + u^3 3 1+ " 3 .} 
In these cases, V251 = «28i = 0- Assume v* 12 + v± 13 ^ 0. Then 

= E 15 t 15 by = 29) + h i)«.2 + «ii, 3 ) = ( 5 - 38 ) 
j=i 

yields a contradiction. Hence, 2 + v^ 13 = 0. Furthermore, either the assertion Vi 01 ^ 0, (h 2 + h 3 + 
fi4)vi 01 — or the assertion Vi 01 = 0, v-^ ^ 0, (h 3 + h 4 — l)w-j = holds. By detailed check case by 
case, only the cases wt(£o,2) G {A + "u^g + " 3 , A + -uti^^ 3 , A + u^26 + " 3 } satisfy this assertion. 

For the case wt(£ , 2 ) = A + ^^ +LJ3 , we get <^ 0)1 = 0, v£ A ^ 0, (A 3 , A 4 ) = (1,0). And we could 
write ^0,2 = 2/12^0 2> where £ 02 = J2 <kjVij- Hence, T 5i i 23 .£o,2 = 15,123-^12^0.2 = (Ps, 123, 2/12] + 

l<i<j<5 

yi2T 5 , 12 3).eo,2 = (^5^3 + ^-l) |3M5 W 3 4).£o,2 = § (" 1) |34 ' 45 ' 2/45^34 4,2 ¥= 0. 

For the case wt(£o,2) = A + w 2 4 +W3 , we get j ^ 0. The equation Ei 5 t 2 $ = implies that 

4 

= £7i5«2,l + (^13 + ^53^15)^9,1 + (#12 + S 5 2^1 5 )Kl,l + ^1,3) + ^"19,1 = ( 3 + l A l) v 19,l- ( 5 ' 39 ) 

i=l 

For the case wt(£o, 2 ) = A + u^26 + " 3 ' onc °f w i9.i ano ^ w 22,i should be nonzero, otherwise A = 0. Then, 
the equation Ei 5 t 3 5 = implies that 

4 

= E 16 v% tl + (E 13 + E 53 E 15 )(v^ ltl + v^ 2 ) - (E 12 + ^52^15)^17,1) + ^ ^22,1 = (1 + \M>2a,i- (5-40) 
Case 2.2.2 wt(£ , 2 ) = A + ^25 + " 3 

In this case, v 251 ^ 0, v 281 = and wi(£o, 2 ) = A + wt(di5C?25)- Then 



= E U t 15 = (2 + J2 h i)( V ll,2 - "11,3) ~ ^63«25,l. 
i=l 

E 35 .E 15 t 15 = (2 + Iwt^ 4 -" 3 )! - /i 3 - M4;,i - 0. (5.41) 

So Ai + A 2 + 1 = 0. A contradiction arises. 

Case 2.2.3 wt(£ , 2 ) G {A + ^ 8 1+W3 , A + ^+" 3 , A + A + ^j+" 3 , A + ^ 5 1+ " 3 , } 

In these cases, v 251 ? and « 2 A 8il ^ 0. 

Case 2.2.3.1 wt(£ , 2 ) G {A + ^ 8 1+W3 , A + ^g^" 3 } 



The equations 

4 

= E 15 t 12 = (E 12 + ffcj^isKi - (E hi + ^51^15)^2,1 = -(1 + |wt(^ 1+ws )|)^ x + E 52 (v$ h2 + v^ h3 ), 

i=l 

(5.42) 

E% 5 E 15 t 12 = 2(A 2 + A 3 + A 4 - 1)4^ = (5.43) 

induce a contradiction. 

Case 2.2.3.2 wt(£ , 2 ) G {A + ^ 2 1+W3 , A + ^ 4 1+ " 3 , A + ^3 5 1+ " 3 } 

First, we have v£ 2 1 ^ in these cases, since £^34^32,1 = —v 341 , E 24 v 32 x — v 351 . Then 

= £15% = El5«6,l + (^13 + ^53^15)Kl,l + «ii >2 ) - (^12 + E 52 E 15 )V* 71 
4 

+ (E M«22,l = (1 + |wt(^ 2 1+W3 )|)^ 2il + S 6 3<1, 
i=l 

E 35 E 15 t 35 = (-1 - |wt(^ 2 1+W3 )| + fc 3 + ^4)^2,1 = 0. (5.44) 

If wt(£ 0>2 ) = A+^ 3 J 2 1+ " 3 , then wt(ti£ +U3 ) = A and wt(^ +Us ) = \-a 3 -a A . If wt(£o, 2 ) = A + ^+" 3 , 
then wt(^ 3 J 2 1+W3 ) = A-a 3 and wt(^ 2 J 2 1+tJ3 ) = A-2a 3 -a 4 . Hwt(&,j) = A+^ 3 J 5 1+ " 3 , then wt(^ 3 J 2 1+W3 ) = 
A - a 2 - a 3 and wt(^2 2 1+ " 3 ) = A - a 2 - 2a 3 - cn 4 . Thus, (5.44) yields A : + A 2 = or Ai + A 2 + 1 = 0. 
A contradiction arises. □ 

5.3 Singular vectors of degree three 

Theorem 5.5 All the possible degree three singular vectors are listed in the following: 



: 2 5d 45 )+A( C ) - 

where A = (0, 0, m, n), 1 < m e N, 2 < n e N. 



TT c-A<t+a(,cJ 777 
e 2 • I J 7zr-di 5 d 25 d i5 v x , 



Proof The leading term of any singular vector of degree three could be written as: 

£0,3 = E v jT +Ui 4k, vj,k G ^(A), (5.45) 

j'el^55, fee 1 , mult (it 2 " 1 + 1 " 4 ) 

which should satisfy T5 ; i 23 .£ ,3 = and (xid Xj )o-(,o,3 = ( 1 < i < j < 5). Assume 

75,123-^0,3 = E d, tlJ1 d t2 j 2 U lju i 2j21 t tljl .i 2j2 e V(A). (5.46) 

»l<jl)»2<j2,(»l,jl)^(»2,j2) 

Since u^j ^ 0, the equation 

= il4,15 = + £53^7,1 - ^52^13,1 + ^6l(«l8,l ~ "18,4) ( 5 ' 47 ) 

implies that one of the terms v 71 , Vi 31 and Vi S1 — v± s 4 should be nonzero. Hence, the information of 
the weights of Table 6-7 induces that wt(^o >3 ) could be restricted to the following cases: 

urt(£o,3) e {A + ^ W1+W4 , A + t^^ 1+W4 , A + A + «^i7 1+W4 , A + ^% 1+W4 , 

A + A + ^ 1+W4 , A + ^t^" 4 , A + ^ 1+W4) A + ^2 W1+W4( .- e 26^5)}. (5.48) 



Case 1 urf(Co,3) = A + ^^ 1+W4 

In this case, Ug x = 0, u 3 x ^ 0, wt(v 3 x ) = A — a 3 , £? 34 u 3 j = — v^. Then 

#25*12,15 = #2 5 (#5 2 ^3,1 ~ ^Sl^l) = (&2 + h 3 + ^4)^3,1 = (*2 + A3 + A 4 )v A >1 = (5.49) 

contradicts A3 > 0. 

Case 2 urffo.s) € {A + ^ 1+W4 , A + u^ 1+ta *} 

Note that #34^4 = — U121, ^12^12,1 = —?; i7.i! #12^3,1 = — 2ue,i- Hence, 7^ and ujji,^ 0. Since 
urf(v£i) = A - a 3 for urffo.s) = A + T^ 1 "*" 4 ; «^(«6,i) = A - ai - a 3 for toifoa) = A + ^ 1+U4 . The 
equation #15*12,15 = — (2 + |wtog x |)fg 1 = induces that |A| < in both cases. 

Case 3 lutfo.s) = A + t^^ 1+W4 

We have #25^1 = — ^13 d #23^7 1 = — t>i 3 i- Then 
, 4 

= #25*14,15 y = 47) -#25«1,1 + #23«7,1 - ^ Ml 3 ,l = ~(A 2 + A 3 + X^V^ = 0, (5.50) 

i=2 

contradicts A 2 > 0. 

Case 4 w*(£ 0;3 ) = A + t^ 1+w * 

We have x 7^ 0, since #2 4 Vii 1 = « 2 2.i- Then 

= #15*13,15 = #15(#53«3,1 ~ ^51<,l) = -(2 + |A|)< ;1 (5.51) 

yields a contradiction. 

Case 5 urffo.s) G {A + t^ 1 "*" 4 . * + ^28 1+ " 4 > A + ^30 1+ " 4 , A + ^ 1+W4 , A + vt%£ 1+u *} 
For tut(&,s) G {A + ^24 1+ " 4 , A + ^3Q 1+ " 4 , A + ^3g 1+W4 }, we have w£ 8>1 = 0- Then 

= #25*15,25 = E 25 (E 52 v^ 41 - #51^8,1) = (h 2 + h 3 + /i 4 )w24,i (5-52) 

yields A 2 + A 3 + A 4 = or 1. For wt(£_ . 3 ) e {A + v5l% 1+uli ,\ + ^35 1+ " 4 }, the equation 

= £a 5 ii5,25 = -(hi + h 2 + h 3 + /i 4 )w28,i + ( E i2 + #52#i 5 )«24,i (5.53) 

yields 1 + |A| = 0. 

Case 6 urffo.s) G {A + ^ 1+U4 ,A + ^^ 1+ " 4 } 

We have #35^10.1 — v 23 l7 #25^10,1 = —w 29,i> #23^23.1 = — u 29,i- Consider the equation 

*14,45 = -«10,1 + #53^23,1 ~ #52^29,1 ~ #5l(«32,l - «32,4)- (5-54) 

For w*(£o,3) = A + w^23 1+ " 4 , £^35*14,45 = (A3 + A4 — 1)^23 i=0 induces A3 + A4 = 1, which contradicts 
A 3 > 1. For urt(£ , 3 ) = A+^^ 1+ " 4 , we have #25*14,45 = -(A 2 +A 3 +A 4 )u 2 X 9 i i = induces A 2 + A 3 + A 4 = 0, 
which contradicts A 2 > 0, A 3 > 0. 

Case 7 urffoa) G {A + ^ 7 Jl+ " 4 , A + A + u^ 14 *"} 



Note that in these cases, the equations are derived: £351)151 = \, £i5V 451 = v 391 , -E13W27.1 = 

4 

«39,1> ^12^32,4 = -«39,l'^12 w 32,l = = ^12^32,3^25^15,1 = ~ E w 32,i> -^23^27,1 = -*>32,1 - 2 «32,3 - 

i=l 

w 32, 4 ^ £34^32,1 = -^42,11-^34^32,2 = w 42,i ^34^32,3 = = ^34«32,4- Consider the equation 

*24, 45 = -^15,1 + £^27,1 _ £52^32,1 + w 32,3 + v 32a) + ^51^39,1- (5.55) 

For wt(t;o,3) = A + u^27 1+ " 4 i ^35*24,45 = (A3 + A4 — 1)^27 1 = induces A3 + A4 = 1, which contradicts 
A 3 > 1. For iirt(£ ,3) = A + ^ 1+W4 ) E 15 t 24 . A5 = (1 + |A|)v£ 9il = induces 1 + |A| = 0. For wtfo.a) = 

\+V$%£ 1+Ui , Then £i 5 £ 2 4,45 = W32,2- W 32,3-(A2 + A3 + A 4 )(^ 24 +W3 V 2! 3 + U3 V 2!4 ) = 0, and ^34^15*24,45 = 

(1 + A 2 + A 3 + A 4 )^ 2 ,i = induces 1 + A 2 + A 3 + A 4 = 0. 
Case 8 w£(£o, 3 ) G {A + ^ 1+W4 , A + ^ 1+W4 } 

Observe these equations are derived: £15^41 — v 31 1 , Ei 3 v* 71 — v 31 l5 £12^21 1 — ™ w 3i,i; £12^212 = 
j , -B12W21 3 — 0,-512^214 = 0. Consider the equation 

£24,25 = -vtl + £53^17,1 - ^52(2^1,1 + «21,2 + U 21, 3 ) + ^51«31,1- ( 5 - 56 ) 

It follows from £i 5 £ 2 4,25 = that (1 + |A|)^ 1;1 = 0. 
Case 9 urt^o.s) e {A + ^ 1+W4 , A + ^38 1+W4 } 

Note Sl 5 Ui4,l = «38,1^13«26,2 = «38,1 ^12^37,1 = -^38,1> £ 25<,1 = -^37,1 . ^23^26,2 = -«37,1- 

Consider the equation 

^34,35 = -«14,1 + £s3« 26 ,2 - ^52«37,i + £51^38,1 ■ ( 5 - 57 ) 

For wt(£o,3) = A + ^37 1+ " 4 , £ 25 £ 3 4,35 = -(A 2 + A 3 + A 4 )u£ 7 a = implies A 2 + A 3 + A 4 = 0, which which 
contradicts A 2 > 2. For wt(£ 0t3 ) = A + ^ 1+UJi , £i 5 £ 3 4,35 = (1 + |A|)^ 8jl = 0. 
Case 10 wt(^ 3 ) e {A + ^ 1+W4 , A + ^ 1+W4 , +W4 } 

Note £ 2 5«i 9 ,l = -^40,1^23^2,3 = -«40,1' ^15^19,1 = W 44,l .-#13^32,3 = w 44,l> ^12^40,1 = -^44,1- 

Consider the equation 

£34,45 = -«19,1 + ^53^32,3 - ^52«40,1 + S 51^44,H (5-58) 

For w£(£o,s) = A + ^40 1+ " 4 , A + ^ 1+ " 4 , the equation £ 25 £ 3 4,45 = implies -(A 2 + A 3 + A 4 )^ 01 = 0. 
For w£(£ ,3) = A + -ut 44 1+ " 4 , A + u^ 1+W4 , the equation £15*34,45 = implies (1 + |A|)^ 4)1 = 0. 
Case 11 wt(^ 3 ) € {X + ^ 1+u \X + ^lT +Ui } 

Note £7l5«21,3 = -«45,1.^16«21,4 = «45,1> -El3«35,l = «45,1 , £l2«41,l = ^12«41,i = (i G 

2T4),£l5«l8, 3 = «41,1 ~ «41,4.^16«18,4 = -«41,1 ~ ^41,3^13^0,1 = «41,1 ~ U 41,2 ~ «41,3» ^12«36,1 = 

-2^ ! - «4i, 2 ,£i5«3o,i = ^35^41,3 = -£35^41,4 = -v£ 2>1 . Consider the equation 

£25,45 = -«21,3 - W 21,4 + ^53^35,1 ~ ^52^41,1 + «41,2 + U 41, 3 ) + #51^45,1 = 0. (5.59) 

For wt (£0,3) = A + wt 4 g 1+ " 4 , the equation £^£25, 45 = implies (2 + |A|)u 45 x = 0. Now suppose 
wt(t;o. 3 ) = A + u^g2 1+ " 4 . The equation £1545 = implies that 

£l 5 £l5,45 = = (|A| + 2)ttf M + (1 - |A|)^ li3 + ^ 1>4 - £53^52,1, 



= E 35 E 15 t 15A5 = (Ai + A 2 )< 2 ,i, (5.60) 
i.e. Ai = A 2 = 0. Then wt(£ 0t3 ) = A + = (0, 1, A 3 - 1, A 4 - 2). Observe that 

n((wi + wa) ® wt(£ , 3 )) f| n((wi + c^ 3 ) ® A) = {wt(£ , 3 ) + (0, 0, 1, 0), wt(£ , 3 ) + (1, -1, 0, 1)}. (5.61) 

n((wi+w 2 )®(wt(eo 1 3) + (O ) O,l ) O)))f|{A} = ) n((wi+W2)®(wt(€o,3) + (l,-l,O,l)))f|W = 0- ( 5 - 62 ) 
Then (5.62) implies that 

71 lv(wi+« 2 )®v(wt(£o,3)+(o,o,i,o)) = °' r2 lv(wi+w 2 )®v(wt(5o,3)+(i:-i,o,i)) = °- (5.63) 

Note that T 5 ,i23£o,3 = iff r 3 | y(wi+u , 2)0y(wt(So3)) = by Lemma 5.2. Assume wj^+jj^wtfe.s) ( resp - 
v ^+u^®wt~(io 3 ) ) * s an ^ max i ma l vector of weight (0, 1, A3, A 4 — 2) (rcsp. (1, 0, A 3 — 1, A4 — 1) ) appearing 
in the tensor decomposition V(cu\ + lo 2 ) <8> V^(wt(£o, 3))- Since T 3 V / (wi + uj 2 ) <8> ^(wt(£o,3)) C V{uj\ + uj 3 ) ® 
TO, T 3 | y(wi+W2)8y(wt(C0i3)) = iff ^-(t;^^,,,) = 0,r»(«^-^ 3) ) = 0. Otherwise, 
we could get a singular vector of degree two with weights (0,1,A 3 ,A 4 — 2) and (1,0, A3 — 1,A 4 — 1) 
respectively by (5.63), which contradicts proposition 5.3. Hence, we get A = (0,0, m,n). 

Case 12 wtfan) G {A + A + H^ 1+W4 } 

Consider the equation 

*15,45 = -"18,3 " V 18A + E 53V 3aA ~ S 52t»36,l + £51^41,1 ~ ^51^41,3) ( 5 - 64 ) 

Note ^i5«i8,3 = u 4i,i - v% 1A , E 15 v£ 8A = -v% 1A - v% 13 ,E 13 v$ al = - v% 12 - v% 13 ,E 12 v% 61 = 

4 

-2v 41 1 - u 412 . Then £15*15,45 = induces that 3w 41 1 + u 41 4 + M u 4i 1 - u 4i 3) = 0. Since 

i=i 

£45^41,4 = - u 43,i^4 5 w 4 i, t = 0(i e T73) and £34^41,3 = -«47,i> ^34« 4M = 0(i e {1,2,4}). Hence, 
£45£i5*i5,45 = and £34£i5ii5,45 = imply w 413 = and |A|w 471 = in these two cases, respectively. 

Case 13 wtfa, 3 ) G {A+^ 1+w , A+^ 1+w , A+^^ 1+w , A+^^ 1+U4 , A+^^ 1+U4 , A+^^ 1+ " 4 } 

Observe £25^26,3 = 2u 46,l> ^25^6,4 = -^46,1^23^41,2 = -«46,1> -^15^26,3 = -2^9,1, £l 5 f 26,4 = 

u 49,i> -^13^41,2 = u 49, i^i2 u 46,i = -^49,1^25^41,2 = - u 54,i> -^35^46,1 = _u 54,i- Consider the equation 

*35,45 = -^26,3 - w 26,4 + ^53^41,2 ~ ^52^46,1 + ^51^49,1. (5-65) 

For wt(£o t3 ) = A + v5l% 1+U3i ,v$l% 1+Wi , the equation £25*35,45 = implies 2 + A 2 + A 3 + A 4 = 0. For 
w*(£o, 3 ) = A + ^^ 1+ " 4 ,^^ 1+W4 , the equation £15*35,45 = implies 3 + |A| = 0. For w*(£ ,3) = 
A + ^54 1+ " 4 , the equation E 35 E 25 t 35A5 = implies (1 + \ 2 )v^ A1 = 0. For w*(£ , 3 ) = A + w^ 1 ^ 4 , the 
equation £35£i5*35,45 = implies Ai + A 2 + 2 = 0. 
Case 14 wt{^ >3 ) = A + v}% 1+u * 

We have w 213 + 2v 214 + £45^15 1 = 0- And the equations * 2 5, 4 5 = and * 24 , 4 5 = induce that 
*>2i,3 + w 2i,4 = 0, <,i = 0. Thus, ^ 1;3 = w£ 1>4 = 0. Then 

= £ 2 5.*24,25 = £ 25 . [-W4.1 + ^63«17,1 - ^5 2 (2^i,i + ^i, 2 )] = 0, (5.66) 



= £7l B .tl4,2B - ^15[-«2,1 + ^53^12,1 - ^B2(«i8,l + "l8,2 ~ "18,3) + S 51"21,l] = (5.67) 

yield 

2(1 + A 2 + A 3 + A 4 )^ 14 + (2 + A 2 + A 3 + \ 4 )v^ 2 =0, (2 + |A|)i; 2 A 14 = (5.68) 

i.e. v 21 i — for i 6 1,4. A contradiction arises. 
Case 15 wt(£ Q , 3 ) = A + u^£ 1+W4 
Note that 

4 4 

*24,35 = "4l + #53 J] «21,i - #52« 2 + ^ (5-69) 
i=l t=l 

We have v% 62 + v% 63 + 2v 2 x 64 + #45"i 9 ,i = 0, v% 6 2 + v% 63 + E 23 v^ 13 = and v^ 64 + # 2 3" 2 i,4 = °- 
And the equations t 35 _ 45 = , £34,45 = and £25,45 = induce that u 26 3 + «26,4 = 0> "19 1 = and 
v 26 2 + "26.3 + "26,4 = 0- Thus, v 26i = for i £ 2, 4. The equation £ 24 ,35 = induce that 

#25-h"8,l + ^B3(«21,l + "21, 2 ) - ^52^26,1] = 0, (5.70) 

which means A 2 + A 3 + A 4 = 0. A contradiction arises. 
Case 16 wtfofi) = A + v}%% 1+Ui 

Note that V$ 2 ,l + V$ 2 2 + E U V$ S 3 = 0, V$ 21 + u£ 2 4 + #14"l 8 ,4 = °> "32,1 - 2 "32,3 - "32,4 + #24"21,3 = 
°> "32,1 + "32,2 + #24"21,4 = 0, 2v£ 2 ,l + E 34 V% 63 = °) "32,1 + "32,2 + S 34"26,4 = °- And tnc equations follow: 

*25,45 = "21,3 + "21,4 = 0j *35,45 = "26,3 + "26,4 = 0' 

*34,45 = -«l 9 ,l + #53"32,3 = 0, ti 5 , 4 5 = -"l 8 ,3 ~ "l8,4 + #53"30,1 = 0- (5.71) 

Thus, 

-2^ +2^4,3 -"32,2 +"32,4 - 0, 3w A 2il +u A 2i2 = 0, U3 \ 2 + (A 3 + A 4 -1)« A 23 - 0,2 V A 21 +« A 2 2 +« A 2 4 = 0. 

(5.72) 

yield the contradiction^ + A3 + A 4 = 0. 
Case 17 iot(&,3) = A + ^ 4 f +W4 

Observe that -v 4M - w 4l!2 + v% 13 + v% 14 + E 24 v% sl = 0, v% 12 + 2v% 13 + v% 14 + E 34 v£ 41 = 0, -w 41jl - 

"41,2 +"41,3 + #25"21,3 = 0, "41,1 + "41,2 + "41,4 + ^25^21,4 = 0, <,i + 2 < >2 + V^ 3 + # 23 «35,1 = 0, 2l£ lj3 + 
#55" 26 ,3 = 0, -^1,2 - "41,3 + "41,4 + ^36«26,4 = °" Then 

= #25*25,45 = #2 5 [-"21,3 ~ "21,4 + #>3"35,1 ~ #>2("41,1 + "41,2 + "41, 3 )] = 0, (5.73) 

= #35*35,45 = #35 [-" 26 , 3 ~ "26,4 + S 53«41, 2 ] = 0- (5.74) 

which mean 

4 3 

"41,4 - "41,1 - 2^1,2 = £ A *)(E U 41,i), "41,3 ~ "41,2 + "41,4 + (A3 + M)v^ 2 ). (5.75) 



We claim that one of v^i and ^34,1 should be nonzero. Otherwise, the equation implies: — ^41,1 — v 4i,2 + 

v 4i 3 + v 4iA = and v% 12 + 2v 41 3 + v* 1A = 0, which provide a contradiction. Now, = Ei 5 ti 5 _ 35 = 

4 

-Bl5(-E53«24.1 - S 5lW34.l) = ^13^24.1 ~ E h t v 34.1 = and = ^15*15,25 = -Bl5(^52«24.1 ~ ^l^S.l) = 

»=1 

4 

E i2 v 24 i — E ^34 i=0- Thus 1 + |A| = 0. A contradiction arises. 
Case 18 wt(£ 0t3 ) = A + 

Note that E^v^ = - 2v£ 8>3 , E 25 v$ tl = -v^ 81 - v£ 8>2 - v$ 8<3 , E 13 v^ = v£ 8>1 - 2v£ 8>2 - 

2v* s 4 ,E 13 vl 1 = -2v^ hl ,E 23 V^ 2A = -v£ 8A - 2 - W^, £34^1,1 = -^8,2 - "18,3 ~ 2w 18,4- W<3 haVC 

Vi X1 = 0. Otherwise, = £15*13,15 = -(2 + lAD^ j = 0. Hence, 

= -v^ 2 - v^ 3 - 2v$ 8A = £34^1,1. (5.76) 

Moreover, 

= ti5,46 = »18,3 + «18,4> = ^15*14,16 = + 2 «18,3 ~ 2 «18,4 + \M(A.l ~ «18, 4 )- (5-77) 

Observe that 

*14,25 = -«2,1 + ^53^^2,1 - ^52^18,1 + «l 8 ,2 - «18, 3 ) + ^6l(«21,l ~ U 21,3 ~ w 21,4) = 0- (5.78) 

The equation £25*14,25 = induces 

-«18,2 + «18,3 - «18,4 - (A 2 + A3 + A 4 )K A 8jl + < 2 - V^g) = 0. (5.79) 



All these equations yield the contradiction: 

3+|A| 
4+|A| 

□ 



-(A2 + A3 + A4). (5.80) 



5.4 Singular vectors of degree four 

Theorem 5.6 All the possible degree four singular vectors are listed in the following: 

di2di 3 di4di 5 v\, A = (m, 0,0,0), m e N. 
Proof The leading term of any singular vector of degree four could be written as: 

£o,4 = £ uf ^ (5.81) 

J €1^35 

which should satisfy £5,123 .£0,4 = 0. Since 

[£5,123 - (E 53 d yi2 +E, 2 (-l) 1+ ^d yi3 +E 51 (-l)Wd y23 ),(x l d Xj )' } =0 (5.82) 
for 1 < j < i < 5, we have 

[T 5 ,123 " (#53^ + S 52 (-l) 1+ l 13 l^ 13 + ^5l(-l) |23| a w .)]-lv(3 Wl )®V(A) = 0. (5.83) 



Hence, 

T 5 ,i23.<£o,4 = [E 53 d yi2 + E 52 (-l) 1+ ^d yi3 + E 51 (-l)^d y23 UoA = 0. (5.84) 

Case 1 wt(£o,4.) = w^i" 1 = ^(d^dud^d^vx) 

The vector di 2 di 3 di4di 5 v\ is singular iff A = (m, 0,0,0). 

Case 2 wt(£o A ) G {A + ^t^ 1 , A + ^t^ 1 , A + ^j?" 1 , A + , A + , A + ^t^ 1 , A + iZ 3 ^ 1 , A + 
^13 1 . A + , A + ^ , A + «^ , A + ^ ) A + ^ ) x + ^30,1 ) A + ^ } 

In these cases, the equations are derived: E 5 iv^ — E 52 Vj = 0, Ei 2 Vj = —Sijvf, wt(v A ) = A, Sij) G 
{(2, 1, 3), (3, 2, 2), (5, 3, 1), (8, 6, 1), (10, 7, 2), (12, 9, 1), (13, 10, 1), (15, 11, 2), (16, 14, 1), (17, 15, 1)}. Then, the 
equation Ei^^E^ivf — E$ 2 Vj) = (|A| + Sij)v^ = yields a contradiction. 

Case 3 wt(£ 0A ) G {A + A + t^*" 1 , A + A + A + A + ^f, A + A + 

In these cases, we derive that: E51V* — E^v^ — 0, i?i 3 v A = —UjV*, wt(v A ) = X,(i,j,Uj) G 
{(4, 1, 3), (9, 4, 2), (14, 7, 2), (19, 11, 2), (20, 9, 1), (21, 14, 1), (25, 18, 1), (26, 19, 1), (29, 24, 1), (33, 28, l)}.Then, 
E\5-{E 51 v^ - E 53 Vj) = (|A| + tij)v^ = yields a contradiction. 

Case 4 wt(£ ,i) G {A + ; \ + ^1 ^ A + ^ A + ^3^ ^ A + ^3^ | 

In these cases, we have A 3 + A 4 > 0. And E 52 v x = E 53 v\ = 0, i.e. A = (m, 0,0,0). A contradiction 
arises. 

Case 5 wt(£o A ) G {A + t^** 1 , A + ; \ + ^3^ ^ A + | 
Case 5.1 wt(£ 0A ) G {A + tiff 1 , A + ^1 ) A + ^1 } 

In these cases, the following equations are derived: E 5 iv* — E 53 Vj = 0, Ei 3 Vj = —qijV^, wt(v A ) = 
A-a 3 ,wt(v A ) = A-ai-a 2 -a 3 ,(i,j,ty) G {(25, 18, 1), (30, 24, 1), (34, 28, 1). Then, E 15 .{E 51 v?-E 53 vf) = 
(|A| + qij)Vi = yields a contradiction. 

Case 5.2 wt(£ 0A ) = A + TZ^ 1 

Note that E 5 iv 33 - E 53 v 2S — 0, E 5 iv 3Q — E 52 v 2S — 0, wt(vg 3 ) = A - a 3 - a 4 , wt(wg ) = A - a 2 - 
a 3 - 2a 4 , wt(v A 8 ) = A - ol x - a 2 - a 3 - a 4 ,E 13 v^ 8 = -v^ 3 ,E 15 v^ 8 = -v* 5 ,E 35 v% 3 = -v$ 5 ,E 12 v$ 8 = 
-v^ ,E 25 v^ = -v^. Then 

^35^15(^5^33 - E 53 v$ 8 ) = - £ 35 (|A|i; 3 A 3 + E 53 v^ 5 ) = ~(Ai + A 2 > 3 X 5 (5.85) 

induces Ai = A 2 = 0. And 

^35^15(^51^30 - EB2V&) = = £ 35 [(|A| - 1)4, + E 52 v^} = (1 - Ai)t& (5.86) 

induces Ai = 1. A contradiction arises. □ 
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Table 1: Weights and weight vectors for sl 5 module V(ui 2 ) 



i 




U2 
V i 


i 




W2 


1 


(0,1,0,0) = W2 


di2 


6 


(0,-1,0,1) =w 2 -oi-2a 2 - 
a 3 


^34 


2 


(l,-l,l,0)=w 2 -a 2 


di3 


7 


(1, 0, 0, —1) = w 2 - a 2 - »3 - 


di5 


3 


(-1,0, 1,0) = uj 2 - a x - a 2 


d 23 


8 


(-1, 1,0, -1) = w 2 -ai-a 2 - 

03 — Q!4 


d 25 


4 


(1,0, -1, 1) = uj 2 - a 2 - a 3 


di4 


9 


(0,-1,1,-1) = wa - ai - 

2oe 2 — a 3 — «4 


d 3 5 


5 


(-1, 1, -1, 1) = Lo 2 -a 1 -a 2 - 
a 3 


d 2i 


10 


(0,0,-1,0) =W2-ai -2a 2 - 
2a 3 — «4 


C?45 



Table 2: Decomposition for wedge module A k W (k e 1, 10) 



A fc W 


irreducible components for A k W 


maximal vector for the irreducible components 


A L W 


V{uj 2 ) 


d\ 2 


A Z W 


V(u>i + 103) 


di2 A d 13 


A A W 


V{2u 3 )(BV(2uj 1 +lj4) 


d\ 2 A dis A d 23l di 2 A dis A d\4 


A 4 W 


y(3wi) © V{(jOx + u 3 + oj 4 ) 


d\ 2 A di 3 A d u A di 5 , d\ 2 A d X3 A d 23 A d u 


A b W 


V(2uj 1 + uj 3 ) © V(uj 2 + 2cj 4 ) 


di 2 Ad 13 Ad 23 Adi4Adi^,d 12 Adi 3 Ad 23 Adi4Ad 2 4 


A b W 


y(3w 4 ) © V(wi + uj 2 + UI4) 


d\ 2 A d\ 3 A d 23 A du A d 2i A d 3i , d\ 2 A d 13 A d 23 A 
d\A A d 2 4 A di5 


A'W 


V{uji + 2w 4 ) © V(2u 2 ) 


di 3 A d 23 A du A d 2 4 A d 34 Adi 5 ,d 12 A d 13 A d 23 A 
du A d 2 4 A di5 A d 25 


A*W 


V(u> 2 + L04) 


d\ 2 A di 3 A d 23 A du A d 24 A d 3 4 A d 15 A d 25 


A''W 


V(lj s ) 


di 2 A d\3 A d 23 A di4 A d 2i A d 3 4 A d i5 A d 25 A c/35 


A W W 


V(0) 


di 2 Adi 3 Ad 23 Adi4Ad 2 4Ad 3 4Adi 5 Ad 2 5Ad 35 Ad4 5 



Table 3: Tensor decomposition for V(ku4) © V(fj) 





highest weight in the decomposition V{kuj4) © V(fi) 


U) 2 


w (0,l,0,fc), W (l,0,0,fc-1) 


U>1 + U! 3 


w (l,0,l,fe), W (0,0,l,fe-1), W (l,l,0,fc-1) , w (0, 1,0, fe-2) 


2lo 3 


w (0,0,2,fe), W (0,l,l,fe-1), w (0, 2,0, fe-2) 


2u>i + UI4 


w (2,0,0,fc+l) , w (l,0,0,fc) , W (0,0,0,fc-1), w (2, 0,1, fe-1); w (l,0,l,fc-2) , w (0,0,l,fc-3) j 


LJl + LJ 3 + LO4 


W (l,0,l,fc+1)> w (0, : 1, fc) , W (1,1,0, fc) , w (0,l,0, fe-1) , w (l,0,2,fc-l), w (0,0, 2,fc-2), w (l, 1,1, fe-2) > w (0,l,l,fc-3 


3wi 


w (3,0,0i)! w (2,ll,0i-l)i "^(1,0,0, fe-2), w (0,0,0,fc-3) 


u 2 + 2uj 4 


w (0,l,0,fc+2) , W (l,0,0,fc+1) j w (0,l,l,fc) i ^(1,0,1, fe-1), ^(0, 1,2, fe-2) j w (l, 0,2, fe-3) 


2ui + LU 3 


w (2,0,l,fc), W (l,0,l,fc-1), w (0,0,l,fc-2), w (2, 1,0, fe-1), w (l, 1,0, fe-2) , w (0,l,0,fc-3) 


3W4 


w (0,0,0,fc+3), w (0, 0,l,fe+l), ^(0, 0,2, fe-1), ^(0,0,3, fe-3) 


U)\ © CU 2 © LO4 


W (l,l,0,fe+1), w (0, 1,0, fe), w (2, 0,0, fe), w (l, 0,0, fe-1), w (l, 1,1, fe- l), w (0, 1,1, fe-2) 7 w (2, 0,1, fe-2), w (l, 0,1, fe-3 


LJl + 2W4 


w (l,0,0,fe+2) , W (0,0,0,fe+1) , w (l,0,l,fe) , W (0,0,l,fe-1), w (l, 0,2, fe-2) , w (0, 0,2, fe-3) 


2oj 2 


w (0, 2,0, fe), w (l, 1,0, fe-1), w (2,0,0,fe-2) 


U0 2 + UJ4 


w (0, 1,0, fe+1), w (l, 0,0, fe), w (0, 1,1, fe-1), W (1,0,1, fe-2), 


UJ 3 


w (0,0,l,fe), W (0,l,0,fc-1) 



Tabic 4: The leading term Z ( 







^2 


di2,di 5 


Ct^i — r ^3 


d\2 A di 3 , 2di2 A d 35 + d 23 A d 15 - d 13 A d 2 5 7 d 12 A di 5 , di 5 A ci 2 5 




^12 A cii 3 A d 23 , d\2 A di 3 A ti 2 5 — d\2 A c?2 3 A di5, d\2 A di5 A c?25 




d\2 A c?i3 A cii4 , di 5 A ci 2 5 A d 35 , 2di 2 A di 3 A d 45 - 2d 12 A d 14 A d 35 + 2d i3 A d 14 A d 2 5 - di 3 A 
d 2 4 A rfi 5 - d 2 3 A (Z14 A rfi 5 + (Z12 A rf 34 A <ii5 , di2 A rf 35 A d 45 - rfi 3 A rf 2 5 A (Z45 + rf 23 A (Z15 A d 45 + 
^14 Ad 2 5 Ad 3 5-d 2 4Adi 5 Ad 35 +ci 34 Adi5 Aci25, ^12 Acii 3 Adi5, cii2 Acii5 Aci 3 5 -di 3 Acii5 Ad 2 5 




di2 Acii 3 AcZ2 3 A(ii4, di2Adi 3 Ad2 3 Adi5, 2di2Adi 3 Ad2 3 Ad45— di2Adi 3 Ad24Ad 3 5+di2Adi 3 A 
rf 3 4 A d 2 5 + ^12 A ci 23 A A d 35 - di2 A d 23 A d 34 A cii5 - d i3 A ti 23 A A ci 2 5 + ^13 A d 2 3 A ci 2 4 A 
di5 j di2 A d 23 A d\4 A di5 - 2di 2 A di 3 A di4 A d 2 5 + di2 A di 3 A d 2 4 A dis , di 2 A di 3 A d 2 5 A d 45 - 
di2Arf2 3 Adi5Ad45— di2Adi4Arf25Ad 3 5+di2A<i24Arfi5Ad35— rfi2Arf 3 4Adi5Ad25 5 cZi2Arfi 3 A 
d25Ad 3 5-cii2Ad2 3 Adi 5 Ad 3 5+di 3 Ad 23 Acii5Ad25,tii2Adi 3 Acii5Ad25,tii2Acii5Aci25Aci 3 5 


3wi 


di2 A di 3 A CZ14 A CZ15, (Z12 A di 3 A di5 A CZ45 — d\2 A di4 A (Z15 A d 3 5 + di 3 A d\ 4 A di5 A 

G?25 , di2 A dl5 A d 3 5 A ^45 - dl 3 A dl5 A d 2 5 A C?45 + di4 A di5 A C?25 A d 3 5 , dl5 A C?25 A d 35 A C?45 


0_) 2 + 2W4 


rfi2Adi3ALi23Atii4A(i24, 2di2Adi3Ad23Adi4Ad45+2di2Adi 3 Adi4Ad24Ad35-2di2Adi 3 A 
di4 A d 34 A d 2 5 + di2 A d i3 A d 2 4 A d 34 A di 5 + cii2 A ci 23 A cii4 A d 3 4 A di 5 - di 3 A d 23 A di4 A d 2 4 A 
di5 , rfi2 A dia A d 23 A di4 A d 2 5 - d\ 2 A di 3 A d 23 A d 2 4 A dis , 3di 2 A ci 23 A d u A dis A d 35 - 3di 3 A 
c?2 3 A di4 A dis A d 2 5 + 4:d 12 A d 13 A d 23 A d i5 A d 45 - 2d 12 A d 13 A d i4 A d 2 5 A d 35 - d 12 A d 13 A 
c?24Adi5 Ad 35 +cii2 Adi 3 Ad 3 4 Adi 5 Ad 2 5, di 2 Adi 3 Ad 23 Adis Ad 2 s,di 2 Adi 3 Adi 5 Ad 2 5 Ad 35 


2wi + w 3 


d\2 A d\ 3 A d 23 A du A dis, 4d i2 A di 3 A d 23 A dis A d 45 - 2d i2 A di 3 A du A d 2 5 A d 35 - 

7 » 7 a 7 a 7 a7 jf»7 a7 a 7 a 7 a 7 r*»7 a7 a7 a7 a 7 

0(12 A di 3 A a!24 A di5 A a 3 5 + 3ai2 A a2 3 A di4 A 0S15 A a 3 5 - 3di 3 A a2 3 A du A dis A CI25 + 

A A A A A A A A A OA A A A A A A A A. OA A A A A A A A A. I 
«12 A CL\ 3 A a 3 4 A CI15 A «25, ^«12 A ai 3 A CZ25 A a 3 5 A 045 — IA\2 A Cf2 3 A (I15 A a 3 5 A CJ45 + 

tii2 A rf 3 4 A dvo A d 2 5 A d 35 + 2di 3 A d 23 A dn A d 2 n A d i5 - d\ 3 A d 2 i A dis A d 2 5 A d 35 + 
d 23 A di4 A di 5 A d 25 A d 35 ,d 12 A d 13 A d i4 A di 5 A d 25 ,d 12 A d 15 A d 25 A d 35 A d 45 


3tU4 


dl5 A G?25 A d35 A d45, d34 A di5 A C?25 A C?45 — (i24 A di5 A d 3 5 A C?45 + di4 A d25 A d 3 5 A 
d45 , di4 A d34 A d25 A d45 — (i24 A d 3 4 A dis A d45 — di4 A d24 A d 3 5 A d45 , di4 A d24 A d 3 4 A d45 , 


Wl + CJ 2 + (-O4 


d 3 4Ad25 Ad 3 5Ad45, di2Ad 3 4Ad 3 5Ad45— di 3 Ad 3 4Ad25 Aci45+d2 3 Ad 3 4Adi5 Ad45+d24Ad 3 4A 
dis Ad 35 - di4 A d 34 A d 2 5 A d 35l d 23 A d 2 4, A d 35 A d 45 - d 23 A d 3 4 A d 2 5 A d 45 - d 2 4 A d 34 A d 2 5 A 
d35,di2Ad23Ad34Ad4 5 +di2Ad24Ad34Ad 3 5-di 3 Ad 23 Ad24Ad45-di3Ad24Ad 3 4Ad25+d23A 
di4 A d24 A d 35 - d 23 A di4 A d 3 4 A d 2 5 + 2d 23 A d 2 4 A d 3 4 A di 5 , d 2 4 A d 34 A d 3 5 A d 4 5 , di 3 A ci 2 4 A 
d 3 4 A d 45 + 2du A d 2 4 A d 34 A d 35 - d 23 A di4 A d 34 A c?45 , d 23 A d 2 4 A d 3 4 A ^45 , d 23 A di4 A d 2 4 A d 3 4 


UJ\ + 2uJ4 


d25 A d 35 A d 4 5, d 34 A dis A d 2 s - du A dis A d 3b + du Ad 2 s A d 3b - d 23 A dis A d 45 + di 3 A 
d 2 s A d 4 5 - di2 A d 3 s A d 4 s , d 2 4 A d 35 A d 45 , 2ci 24 A d 3 4 A dis 7 2di 4 ^A d 34 A d 2 j5 - d 23 A du A 
dis + di3 A d 2 4 A d45 - di2 A d 34 A d 45 + 2cii 4 A d 2 4 A d 35 , d 2 4 A d 3 4 A di5, di4 A ci 2 4 A d 34 , 


2oj 2 


d 3i A d 35 A d 45 , d 2 4 A d 3i A d 35 + d 23 A d 34 A d 45 ,d 23 A d 2i A d 34 , 


UJ2 + W4 


d 3 5 A d 45 , d 23 A d 45 + d 2 4 A d 35 - d 3i A d 2 s,d 3i A d 45 , d 2 4 A d 34 


w 3 


dis i d 3 i 



Table 5: Weights and weight vectors for sl 5 module V(coi + LO3) 





-rjtU!l+0J3 

w i 


"%.7 


(M) 


w i 


u i,7 


(1,1) 


(1,0,1,0) =Wi+W 3 


(I12 A di 3 


(18,1) 


(-1, -1, 1, 1) = Wi + OJ3 - 
2ai — 2a2 — a.3 


d23 A ci34 


(2,1) 


(-1,1,1,0) = wi+w 3 - 
ai 


^12 A d 23 


(19,1) 


(-2,1,1,-1) = LJi + LO3 - 

2ai — a.2 — CX3 — a4 


c^23 A d 25 


(3,1) 


(1, 1,-1,1) = wi+w 3 - 

«3 


d\2 A di4 


(20,1) 


(1,-1,-1,2) = Wi+w 3 -ai- 
2a2 — 2a3 


du A rf 34 


(4,1) 


(-1,2,-1,1) = wi + 

UI3 — a>\ — a 3 


^12 A G?24 


(21,1) 


(1,-1,0,0) == wi+w 3 -ai- 

2«2 — 2Q!3 — Q!4 


rfl4AC?35 — 
rfi3 A C?45 


(5,1) 


(1,1,0,-1) = wi+w 3 - 

Qf3 — «4 


d\2 A di 5 


(21,2) 


(1, -1, 0, 0) = u>i + L03 - a x - 
2«2 — 2a3 — 04 


rfi4Ad 35 - 

^34 A rfi5 


(6,1) 


(0, -1,2,0) = wi+w 3 - 
ai — a2 


d\3 A C?23 


(21,3) 


(1, -1,0,0) = 0Ji+w 3 - ai- 
2a2 — 2a 3 — a4 


rf34AC?i5 + 
dl3 A C?45 


(7,1) 


(2,-l,0,l) = wi+w 3 - 

Ot2 — 03 


dl3 A du 


(22,1) 


(-1,-1,2,-1) = wi +w 3 - 
2ai — 2a2 — 03 — 04 


^23 A Ci 35 


(8,1) 


(0,0,0,1) =wi+w 3 - 
ai — a.2 — 0L3 


rfl2Ad 34 - 

di 3 A d 2 4 


(23,1) 


(-1,0,-1,2) = wi + w 3 - 
2ai — 2a 2 — 2a3 


d 2 4 A ci 3 4 


(8,2) 


(0,0,0,1) =wi+w 3 - 
Oil — ot2 — a 3 


rfi2Ad 34 + 
d 23 A d u 


(24,1) 


(-2,2,-1,0) = wi + w 3 - 
2ai — a2 — 2a 3 — a^ 


CI24 A ci 2 5 


(8,3) 


(0,0,0,1) = wi +cj 3 - 
ai — «2 — a 3 


d\3/\d 2 4- 
e?23 A du 


(25,1) 


(0, 1,0,-2) = wi+w 3 - ai- 
o;2 — 2a3 — 2a4 


dl5 A d 2 5 


(9,1) 


(-1,2,0,-1) = wi + 
w 3 — ai — a 3 — Qf4 


d\2 A d 2 5 


(26,1) 


(-1,0,0,0) = wi+w 3 -2ai- 
2a2 — 2a 3 — 04 


rf34Arf 2 5- 

c^24 A d 35 


(10,1) 


(2,-1,1,-1) = wi + 

W3 — Q!2 — 03 — «4 


di3 A ^15 


(26,2) 


(-1,0,0,0) = wi+w 3 -2ai- 
2«2 — 2a 3 — a4 


CZ23ACZ45- 

c^24 A d 35 


(H,l) 


(0,0,1,-1) = W1+W3- 

oti — a.2 — 03 — 0:4 


cii2 Ac/35 - 

d\3 A d 2 5 


(26,3) 


(-1,0,0,0) = wi+w 3 - 2ai- 
2«2 — 2a 3 — a4 


rf 3 4Ad 2 5 + 

d 23 A ci 4 5 


(H,2) 


(0,0,1,-1) = W1+W3- 
ai — a.2 — ct3 — 0:4 


rfi2Ad 35 + 
C?23 A di 5 


(27,1) 


(1, 0, -2, 1) = wi + u>3 - ai - 
2a2 — 3a 3 — a^ 


di4 A C?45 


(H,3) 


(0,0,l,-l) = Wi+W3- 

Qfl — Qf2 — OL3 — 0:4 


d 2 3/\di 5 ~ 
di3 A d 2 5 


(28,1) 


(1, -1, 1, -2) = W1+W3-CX1- 
2«2 — 2a 3 — 2a4 


rfi5 A d 35 


(12,1) 


(1,-2,1,1) = wi+w 3 - 
ai — 2o;2 — «3 


C?13 A c/34 


(29,1) 


(-1,1,-2,1) = ui + L03 - 
2ai — 2a2 — 3a 3 — a^ 


(i24 A C?45 


(13,1) 


(-2,l,0,l) = wi+w 3 - 
2ai — a2 — 03 


rf 2 3 A d 2 4 


(30,1) 


(0,-2,1,0) = wi+w 3 -2ai- 
3a2 — 2a 3 — a4 


d 34 A d 35 


(14,1) 


(0,l,-2,2) = wi+w 3 - 
ai — o;2 — 2a 3 


du A c?24 


(31,1) 


(1,0, -1, -1) = Wi+w 3 -o:i- 
2«2 — 3a 3 — 2a4 


dl5 A C?45 


(15,1) 


(2,0,-1,0) = wi+w 3 - 

CH2 — 2of3 — Q!4 


du A di5 


(32,1) 


(-1,0,1,-2) = uji + U3 - 
2ai — 2a2 — 2a 3 — 2a^ 


c^25 A d 35 


(16,1) 


(0, 1,-1,0) = wi+w 3 - 
Q!i — 0L2 — 2a 3 — a4 


cf 12 Ac/45 - 

dl4 A C?25 


(33,1) 


(0,-1,-1,1) = UJi + w 3 - 
2ai — 3ai2 — 3a 3 — 0:4 


d 3 4 A C?45 


(16,2) 


(0,1,-1,0) = W1+W3- 

Oil — 02 — 2(^3 — Q!4 


rfl2 Ac/45 + 
C?24 A di 5 


(34,1) 


(-1,1,-1,-1) = Wl +W 3 - 

2ai — 2a2 — 3a 3 — 2a4 


<^25 A CZ45 


(16,3) 


(0,l,-l,0) = wi+w 3 - 
Oil — 0.2 — 2a 3 — a4 


d 14 , Ac/25 - 
d 2 4 A di 5 


(35,1) 


(0,-1,0,-1) = u>i + L03 - 
2ai — 3a2 — 3a 3 — 2a4 


C/35 A C?45 


(17,1) 


(1,-2,2,-1) = oji + 
UI3 — ai — 2a2 — 03 — 0:4 


rfl3 A c/35 









or* 



Tabic 6: Weights and weight vectors for sl 5 module V(2uj\ + u 4 ) 



(hi) 




»i.7 


(1.1) 


(2,0,0,l) = 2w!+cj4 


rfi2 A c£i3 A di4 


(2,1) 


(0, 1,0, 1) = 2wi +cj 4 - a x 


^12 A d 23 A rfi 4 + di2 A ^13 A rf 24 


(3,1) 


(2, 0, 1, -1) = 2wi + cj 4 - a 4 


d 12 A rf i3 A c?i 5 


(4,1) 


(-2, 2, 0, 1) = 2wi + oj 4 - 2ai 


d\2 A rf 2 3 A d 24 


(5,1) 


(1, — 1, 1, 1) = 2a>i + cj 4 - ai - a 2 


d\ 3 A rf 23 A di4 + d\2 A di 3 A d 34 


(6,1) 


(0, 1, 1, -1) = 2lu 1 + uj 4 - cti - a 4 


d\2 A d 23 A d 15 + di2 A di 3 A d 25 


(7,1) 


(2, 1, -1, 0) = 2wi + cj 4 - a 3 - a 4 


di2 A rfi4 A di5 


(8,1) 


(-1, 0, 1, 1) = 2lu 1 + cj 4 - 2ai - a 2 


di3 A d 23 A d 24 + di2 A rf 23 A rf 34 


(9,1) 


(-2, 2, 1, -1) = 2wi + w 4 - 2ai - a 4 


d\2 A rf 23 A d 2 5 


(10,1) 


(1,0, — 1, 2) = 2wi + cj 4 - a! - a 2 - a 3 


—di 3 A du A c?24 + ^12 A d\4 A d 34 


(H,l) 


(1, — 1, 2, -1) = 2wi + cj 4 - ai - a 2 - a 4 


rfi3 A rf 23 A dis + di2 A rfi3 A d 35 


(12,1) 


(0, 2, —1,0) = 2u>i + ui 4 — cti — a 3 — a 4 


di2 A rf 24 A dis + di2 A rf i4 A d 25 


(13,1) 


(3, -1, 0, 0) = 2u>i + cj 4 - a 2 - a 3 - a 4 


rfi 3 A rfi4 A d ls 


(14,1) 


(0, -2, 2, 1) = 2wi + w 4 - 2ai - 2a 2 


^13 A d 23 A d 34 


(15,1) 


(—1, 1, —1, 2) = 2wi + 0J4 — 2a\ — a 2 — a 3 


rfi2 A rf 24 A d 34 - rf 23 A rfi4 A rf 24 


(16,1) 


(-1, 0, 2, -1) = 2wi + cj 4 - 2ai - a 2 - a 4 


d\2 A d 23 A d 35 + dis A rf 23 A d 25 


(17,1) 


(-2, 3, -1, 0) = 2wi + cj 4 - 2ai - a 3 - a 4 


rfi2 A rf 24 A d 2 5 


(18,1) 


(1,0, 0, 0) = 2wi + w 4 - ai - a 2 - a 3 - a 4 


dis A rf 24 A di 5 + di 3 A d i4 A d 2 5 + ^23 A 

^14 A dl5, 


(18,2) 


(1,0, 0, 0) = 2u>i + uj 4 - ai - a 2 - a 3 - a 4 


di3 A rf 24 A c?i 5 + di 3 A di4 A d 25 + d 12 A 
rfi4 A d 35 + di2 A d 34 A cii 5 , 


(18,3) 


(1, 0, 0, 0) = 2wi + a; 4 - ai - a 2 - «3 - "4 


^13 A d 24 A dis - di3 A c£i4 A d 2 5 - ^12 A 

C^34 A rfi 5 + di2 A rfi4 A d 35 


(18,4) 


(1,0, 0, 0) = 2wi + w 4 - ai - a 2 - a 3 - a 4 


-d 23 A c?i 4 A di5 + di3 A d 24 A rf i5 + c?i 2 A 
rfi4 A d 35 + c?i 2 A di 3 A d 45 


(19,1) 


(0, -1, 0, 2) = 2cji + w 4 - 2ai - 2a 2 - a 3 


di3 A rf 24 A d 34 - d 23 A d 14 A rf 34 


(20,1) 


(0, -2, 3, -1) = 2wi + cut - 2ai - 2a 2 - a 4 


rfi3 A rf 2 3 A d 35 


(21,1) 


(—1, 1, 0, 0) = 2cji + W4 — 2ai — a 2 — a 3 — a 4 


di2 A d 34 A d 25 + di2 A d 24 A d 35 + 2d 13 A 
c^24 A d 25 + d 23 A du A d 25 + d 23 A d 24 A d i5 


(21,2) 


(-1, 1, 0, 0) = 2u>i +C04- 2oi\ - a 2 - a 3 - a 4 


di2 A d 24 A d 35 + di2 A d 34 A d 2 5 + ^13 A 
d 2 4 A d 25 


(21,3) 


(—1, 1, 0, 0) = 2u>i + 0J4 — 2ot\ — a 2 — a 3 — a 4 


-d 2 3 A g?i 4 A d 25 + di3 A d 24 A rf 25 + c?i 2 A 
c^24 A d 35 + di2 A d 23 A d 45 


(21,4) 


(-1, 1, 0, 0) = 2u>i + uj 4 - 2a\ - a 2 - a 3 - a 4 


di2 A d 2 4 A d 35 - d w A d 34 A d 25 + d 23 A 
c^24 A du — d 2 3 A du A d 2 5 


(22,1) 


(2, -2, 1, 0) = 2lJi + cj 4 - c*i - 2a 2 - a 3 - a 4 


di3 A d 3 4 A dis + d w A du A d 35 


(23,1) 


(1, 1, —2, 1) = 2uji + cj 4 — ol\ — a 2 — 2a 3 — a 4 


d\2 A du A c?45 + du A c?24 A d\x> 


(24,1) 


(1, 0, 1, —2) = 2cji + 0J4 — ai — a 2 — a 3 — 2a 4 


di2 A di 5 A d 35 - di3 A di 5 A d 25 


(25,1) 


(0, 0, -2, 3) = 2wi +UJ4- 2ai - 2a 2 - 2a 3 


du A d 2 4 A d 3 4 


(26,1) 


(0, —1, 1, 0) = 2cji + cj 4 — 2ai — 2a 2 — a 3 — a 4 


di3 A d 2 4 A d 35 + di3 A d 3i A d 25 + d 23 A 
du A d 35 + d 2 3 A d 3 4 A d i5 


(26,2) 


(0, —1, 1, 0) = 2cji + w 4 — 2ai — 2a 2 — a 3 — a 4 


-d 23 A du A d 35 + d 13 A d 3i A d 25 + 2d 13 A 
d2iAd 3b +d 12 Ad 34 Ad 3b +d 13 A d 23 A d 4b 


(26,3) 


(0, —1, 1, 0) = 2cji + cj 4 — 2ai — 2a 2 — a 3 — on 


d\3 A d 24 A d 35 + di3 A d 23 A d 45 - d 2 3 A 
du A d 35 


(26,4) 


(0, —1, 1, 0) = 2loi + cj 4 — 2ol\ — 2a 2 — a 3 — a 4 


d23 A d 3 4 A di 5 - d 23 A du A d 35 - du A 

rf 3 4 A rf 2 5 + d\3 A d 2 4 A ^35 


(27,1) 


(—1, 2, —2, 1) = 2cji + ll> 4 — 2ai — a 2 — 2a 3 — a 4 


d 14 A d 24 A d 25 + di2 A d 24 A d 45 


(28,1) 


(—1, 1, 1, —2) = 2u>i + cj 4 — 2a 4 — a 2 — a 3 — 2a 4 


di2 A d 25 A d 35 - d 23 A d 15 A d 25 


(29,1) 


(2, -1, -1, 1) = 2w\ + lu 4 - ai - 2a 2 - 2a 3 - a 4 


du A d 34 A dis + di3 A du A d 4 § 


(30,1) 


(1, 1, -1, -1) = 2u> 1 + cu 4 - oti - a 2 - 2a 3 - 2a 4 


d\2 A di 5 A d 45 - d 14 A d 15 A d 25 



n 1 



Tabic 7: Weights and weight vectors for sis module V{2lo\ + 0J4) 



KhJ) 


7// 


'AUJi +UJA 

v i,i 


(31,1) 


(—3, 2, 0, 0) = 2u>i + u>4 — 3ai — a.2 — a 3 — 04 


d.23 A d 2 4 A d 2 5 


(32,1) 


(0, 0, -1, 1) = 2u>i + cj 4 - 2ci!i - 2a 2 - 2a 3 - a 4 


"13 A 0(24 A OS45 + 2di4 A 024 A 

C?35 - d\4 A d 34 A C?25 - d 2 3 A 
d\4 A 045 + «24 A fl34 A (Z15 


(32,2) 


/A A 1 1 \ O 1 O A O „ 

(0, 0, —1, 1) = luj\ + 0J4 — 2ai — 2ct2 — 2ct3 — 0L4 


7 a7 aJ J aJ a 

"14 A d 2 4 A a 3 5 — «i4 A «34 A 
C?25 + ^24 A d 34 A di 5 


/on o\ 

(32,3) 


(0, 0, —1, 1) = 2u)\ -\- 0J4. — 2ct\ — 2ct2 — 2ct3 — 0.4 


7 a7 a7 i7 aJ a7 i 

«i2Aa34Aa45+ai 3 Aa 2 4Aa45 + 
c/14 A d 34 A c/25 + ^14 A d 2 4 A d 35 


(32,4) 


(0, 0, —1, 1) = 2u)\ + 0J4 — 2a\ — 2a 2 — 2a3 — a 4 


7 A J a 1 iJ aJ a7 1 

«i3Aa 2 4Aa45+a23Aai4Aa45 + 
di4 A d 34 A d 2 5 + c^24 A d 34 A c/15 


(33,1) 


( O A 1 A\ O i OO 

(—2, 0, 1, 0) = 2u>\ + UJ4 — 60t\ — 2d2 — 0.3 — 0.4 


7 A 1 A 1 |7 A 1 A 1 

023 A d 2 4 A d 35 + d 2 3 A d 3 4 A d 25 


(34,1) 


(0, -1, 2, -2) = 2wi +L04- 2ai - 2a 2 - a 3 - 2a 4 


di3 A d 25 A d 35 - d 23 A di 5 A d 35 


(35,1) 


(—1, 2, -1, -1) = 2wi + W4 - 2ai — Q!2 — 2a 3 — 2^4 


1 a7 a7 7 a7 a7 

«12 A a 2 5 A 045 - "24 A Otis A d 2 5 


(36,1) 


/A 1 A 1 N A 1 A 

(2, — 1, 0, —1) = 2wi + CJ4 — ai — 2ai2 — 2a3 — 2«4 


7 a7 a7 7 a7 aJ 

di 3 A rfi5 A d 45 - di4 A di 5 A d 35 


(37,1) 


(1, —3, 2, 0) = 2wi + UJ4 — 2u\ — 3a 2 — 03 — 04 


d~i3 A d 34 A d 35 


(38,1) 


(—1, —2, 2, 0) = 2wi + cj 4 — 3ai — 3a 2 — 03 — 04 


J a 7 a 7 

d 23 A d 34 A d 35 


(39,1) 


(—2, 1, — 1, Ij = 2wi + CJ4 — Jai — 202 — 203 — 04 


<^23 A d 2 4 A d 45 + d 2 4 A d 34 A d 2 5 


(40,1) 


(1, —2, 0, 1) = 2u!\ + 0J4 — 2a\ — 3a 2 — 203 — 04 


d"i3 A d 34 A d 45 + du A d 34 A d 35 


( 41 >!) 


(0, 0, 0, —1) = 2cl>i + cj 4 — 2ai — 2a 2 — 2a 3 — 204 


di3Ad25Ad45+d"23Adi 5 Ad 4 5- 

7 A 1 A 1 7 A 1 A 1 

du A d 25 A d 35 - d 24 A d lb A d 35 


(41,2) 


/ A A A 1 ^ A i A O O O 

(0, 0, 0, —1) = 2u)\ + 0J4 — 2o\ — 2a 2 — 2a3 — 2a4 


7 A J a 1 iJ aJ a7 

ai2Ad 35 Ad4 5 +di3Ad25Ad45- 
d24 A di 5 A d 35 - d 3 4 A di 5 A d 2 5 


(41,3) 


( C\ A A 1 \ O, 1 1 , , O O , , Q , , O 

(U, U, U, —1 J = ZUJi + CJ4 — zai — ZQi2 — — ^^4 


"13 A0t25 ACI45 — «23 Attis ACI45 + 
di4 A d 2 5 A d 35 — d24 A di5 A d35 


(A 1 

(41,4) 


z' n n n 1\ 0,1 1 / . 0^., 0^, 0^., o n , 
(U, U, U, —1 j — lUJ\ -\- CJ4 — zai — za2 — ^Otz — £Ct4 


^7 A^7 A^7 ^7 A^7 A 

CI14 A Ct25 A (I35 — Cf24 A CZ15 A 

W 1 w A w A w 

d35 + "34 A O15 A «25 


f49 1 ^ 




/7 < A /7n 1 A rl a 1- 

(^14 /\ u-24 /\ u-45 


(43,1) 


(0, 0, 1, -3) = 2cji +0J4- 2ai - 2a 2 - 2a 3 - 3a 4 


d"i5 A d 25 A d 35 


(44,1) 


(—1, —1, 0, 1) = 2lu± + u>4 — 3ai — 3a2 — 203 — 04 


d~23 A d 3 4 A d 45 + d 2 4 A d 34 A d 35 


(45,1) 


(—2, 1, 0, —1) = 2u>i + 0J4 — 3ai — 2a2 — 203 — 204 


c?23 A d 2 5 A d 45 - d 2 4 A d 25 A d 35 


(46,1) 


(1, —2, 1, —1) = 2wi + L04 — 2a\ — 3a2 — 2ct3 — 2ol4 


di3 A d35 A d 45 - d 3 4 A dis A d35 


(47,1) 


(0, 1, —2, 0) = 2ui\ + W4 — 2ai — 2a 2 — 3a3 — 2a4 


di4 A d 2 5 A d 45 - d 2 4 A di 5 A d 45 


(48,1) 


(1, — 1, —2, 2) = 2uj\ + u>4 — 2a\ — 3a 2 — 3a3 — 04 


d\4 A d34 A d45 


(49,1) 


(—1, —1, 1, —1) = 2cji +U4 — 3ai — 3a2 — 2a3 — 2a4 


d 2 3 A d" 35 A d 45 - d 34 A d 25 A d 35 


(50,1) 


(1, —1, —1, 0) = 2lo\ + cj 4 — 2ai — 3a 2 — 3a 3 — 2a.4 


di4 A d35 A d45 — d34 A dis A d45 


(51,1) 


(—1, 0, —2, 2) = 2wi + CJ4 — 3ai — 3^2 — 3^3 — 04 


d 2 4 A d 3 4 A d 45 


(52,1) 


(0, 1, —1, —2) = 2cji + W4 — 2ai — 2^2 — 3a3 — 3ct4 


di5 A d 2 5 A d 45 


(53,1) 


(-1, 0, -1, 0) = 2wi +0J4- 3ai - 3a 2 - 3a 3 - 2a 4 


d 2 4 A d 35 A d 45 - d 34 A d 25 A d 45 


(54,1) 


(1, —1, 0, —2) = 2ui\ + u>4 — 2a.\ — ia.2 — 3a3 — 3a4 


di5 A d 35 A d45 


(55,1) 


(—1, 0, 0, —2) = 2u>i + 0J4 — 3ai — 3a2 — 3«3 — 3a4 


d25 A d 35 A d 45 



Tabic 8: Weights and weight vectors for sl 5 module V(2>oj\) 



i 






1 


(3,0,0,0) = 3wi 


di2 A di3 A di4 A c?i5 


2 


(1, 1,0,0) = 3wi - ai 


rfi2Ad 2 3 Adi 4 Adi 5 +di2 Arfi 3 Ad 2 4Adi5 + di2 Adi 3 Adi4Ad 2 5 


3 


(-1,2,0,0) = 3wi - 2ai 


di2 A d 2 3 A d 24 Adi5 + rfi2 A rf 2 3 A c/14 A d 2 5 + ^12 A d 13 A d 2 4 A d 2 5 


4 


(2, — 1, 1, 0) = 3wi — ai — a2 


di3Ad23AcZi4Adi5 + di2Adi 3 Ad34Adi5 + di2Adi 3 Adi4A<i3 5 


5 


(—3, 3, 0, 0) = 3wi — 3ai 


di2 A rf 2 3 A d 24 A d 25 


6 


(0,0,1,0) = 3wi - 2ai - a 2 


rfl3Ad 2 3Ad24Arfi5+rfi3Ad23Adi4Arf25+rfl2Ad 2 3Ad34Arfi5 + 

rfi2 A di3 A c/34 A d 2 5 + ^12 A d 23 A rfi4 A <i 3 5 + c/12 A <ii 3 A rf 2 4 A d 3 5 


7 


(2, 0, — 1, 1) = 3tJi - ai — Q!2 — Q!3 


-di3Adi4Ad24Adi5+di2Adi3Adi4Ad45+di2Adi4Ad 3 4A<ii5 


8 


(-2,1, 1,0) = 3wi - 3ai - a 2 


di3 A c/23 A d 2 4 A c?25 + di2 A rf 2 3 A d 34 A d 2 b + dvi A d 2 3 A d 2 4 A d 35 


9 


(1, -2, 2, 0) = 3wi - 2ai - 2a 2 


di3 A d 23 A rf 34 A di 5 + rfi 3 A rf 23 A du A d 35 + dvi A di 3 A rf 34 A d 35 


10 


(0, 1, -1, 1) = 3wi - 2ai - a 2 - a 3 


— d 2 3A(ii4Ad24Adi5— di3Adi4Ad 2 4Ad25+di 2 A(i23A(ii4Ad45+ 
^12 A di 3 A d 2 4 A c?4 5 + di2 A d 2 4 A d 34 A c?i5 + di2 A c?i4 A d 3 4 A d 2 5 


11 


(2, 0, 0, —1) = 3(Ji — ol\ — a.2 — Q-3 — ol\ 


^13 A <ii4 A dis A C?25 + C?12 A rfi3 A C?i5 A C?45 — di2 A C?i4 A (ii5 A d 3 5 


12 


(-1, -1, 2, 0) = 3cji - 3ai - 2a 2 


du A ^23 A d 34 A c?25 + ^13 A c?23 A d 2 4 A d 35 + d 12 A d 2 3 A d 3 4 A d 3b 


13 


(-2, 2, -1, 1) = 3cji - 3ai - a 2 - 0:3 


- d 23 A du A d 2 4 A d 2 5 + ^12 A g?24 A d 3 4 Ac?25 + d\2 A d 23 A d 2 4 A d 45 


14 


(1, -1, 0, 1) = 3wi - 2ai - 2a 2 - a 3 


-d23Adi4Ad 34 Ac?i5-di3A(ii4A(i24Arf35+rfi3Ad23Ac?i4Ad45 + 
^12 A d\ 3 A ^34 A c?45 + d\ 3 A 0^24 A ^34 A <ii5 + c/12 A du A CZ34 A d 3 § 


15 


(0, 1, 0, —1) = 3<Ji — 2ai — Q!2 — a 3 — 0:4 


d2 3 Adi4Adi5 Ad25+rfi3Ad 2 4Arfi5 Ad 2 5+di2 Ad 23 Adi5 Ad 45 + 

^12 A C?i3 A d25 A C?45 — di2 A C?24 A c/15 A (i 3 5 — dl2 A (il4 A C?25 A (^35 


16 


(-1, 0, 0, 1) = 3wi - 3ai - 2a 2 - a 3 


— d23Adi4Ad34Arf 2 5— c£2 3 Adi4Ad 2 4Ac£35+(ii 3 Ad24A<i 3 4Ad25+ 
di3 A d 23 A d 2 4 A d 45 + di2 A c? 2 4 A d 34 A d 35 + d i2 A d 23 A d 3i A d i5 


17 


(—2, 2, 0,-1) = 3a;i — 3ai — a2 — a 3 — a 4 


d23 A d 2 4 A C?15 A ^25 - ^12 A C?24 A c/ 2 5 A C?35 + di2 A C?23 A ^25 A d 45 


18 


(1,0, -2, 2) = 3wi - 2ai - 2a 2 - 2a 3 


di4 A c?24 A CZ34 A dis — d\3 A di4 A ^24 A ^45 + di2 A du A ^34 A 0(45 


19 


(1, — 1, 1, —1) = 'Su}i—2a\—2a.2—oi 3 —a 4 


d 23 Adi4Adi5Ad 3 5+di3Ad 3 4A(ii5Ad25+di3Ad23Adi5Ad45 + 
di2 A di3 A d 35 A CI45 — d\2 A d 3 4 A di 5 A d 35 — di 3 A du A d 2 5 A d 35 


20 


(0, —3, 3, 0) = 3wi — 3ai — 3a2 


di 3 A d2 3 A d 3 4 A d 3 § 


21 


(0, —2, 1, 1) = 3wi — 3ai — 3a2 — 0^3 


- d 23 A du A d 3 4 A d 35 + d i3 A d 23 A rf 34 Ad 45 + d 13 A d 2 4 A d 3i Ad 35 


22 


(-1, 1, -2, 2) = 3wi - 3ai - 2a 2 - 2a 3 


du A d 2 4 A c?34 A d2h — <fe 3 A du A d 2 4 A d 45 + dvi A d 2 4 A d 3 4 A d 45 


23 


(1,0, — 1, 0) = 3wi — 3a 1 — 2a 2 — «3 — «4 


d23Ad24Ad 15 Ad 35 +d2 3 Ad 3 4Ad 15 Ad25+di 3 Ad2 3 Ad25Ad 45 + 
d 12 Ad 23 A d 35 A ^45 - ^12 A ^34 A d 2 5 A ^35 - di 3 A d 2 4 A d 2 5 A d 35 


24 


(0,-1,-1,2) = 3Lji-2ai-2a 2 -2a 3 - 

Ct 4 


-duAd24Adi 5 Ad 35 +duAd 3 4Adi 5 Ad25+di 3 Ad 2 4Adi 5 Ad4 5 + 
d\2 A du A d 3 5 A 0(45 — d\2 A d 3 4 A tf 15 A ^45 — d\ 3 A du A c?25 A 0(45 


25 


(0, -2, 2, -1) = 3wi - 3ai - 3a 2 - 2a 3 


du A d 2 4 A ^34 Ad 35 -d 23 AduA d 3i A d i5 + d\3 A d 24 A d 3 4 A d i5 


26 


(0, -2, 2, -1) = 3Lji-3ai-3a2-a3-a4 


d23 A d 34 A di5 A d 35 + di 3 A d 23 A d 35 Ad 45 -d 13 A d 34 Ad 25 Ad 35 


27 


(-1,1,-1,0) = 3Lji-3ai-2a 2 -2a 3 - 

Q!4 


d23 A d 24 A d 15 A d 45 + d 24 A d 34 A d 15 A d 2 5 — ^23 Adu A rf 2 5 Ag?45 + 
di2 A c?24 A d 3 $ A c?45 — d\2 A d 34 A ^25 A d 4 § — du A c?24 A c?25 A ^35 


28 


(1,0, 0, -2) = 3wi - 2ai - 2a 2 - 2a 3 - 
2a4 


du A <ii5 A d25 A d 3 $ — di 3 Adi5A ^25 A d 4 § + dvi A dvb A d 3 5 A d 4 § 


29 


(0, —1,0,0) = 3wi— 3«i— 3q!2 — 2a 3 — 04 


c?24 A d 34 Adi§Ad 3 5 — duA d 34 Ad2$Ad 3 5+d2 3 A d 34 A di§ A d 4 $ — 
d23 A du A d 35 A d 45 - d 13 A d 34 A d 25 A d 4b + d 13 A d 24 A d 35 A d 4b 


30 


(-1,1,-1,0) = 3wi-3ai-2a 2 -2a 3 - 

Ct 4 


-d 2 3 Adi5 Ad 2 5 Ad 4 5 +^24 Adi 5 Ad 2 5 Ad 35 +d i2 Ad 2 5 A d 35 A d 45 


31 


(0, 0, —3, 3) = 3wi — 3«i — 3«2 — 3^3 


du A ^24 A d 34 A d 4 5 


32 


(0, 0, —2, 1) = 3wi — 3ai— 3a2 — 3a3 — 0:4 


d 2 4 A c?34 A c?i5 A c/45 — du A d 34 A <i 2 5 A d 4 § + du A c?24 A 1^35 A d 4 § 


33 


(0, —1, 1, —2) = 3lJi — 3ai — 3a2 — 2q!3 — 
2a 4 


- d 23 A di 5 A d 35 A d 45 + d 34 A di 5 A rf 2 5 Ad 35 + d 13 A d 2 5 A d 35 A d 45 


34 


(0,0,-1,-1) = 3wi-3ai-3a 2 -3a 3 - 

2tt4 


- d 24 A di 5 A d 35 A d 45 + du A d 25 A d 35 Ad 45 + d 34 A di 5 A d 2 5 A d 45 


35 


(0, 0, 0, —3) = 3wi — 3ai — 3ct2 — 3ct3 — 

3«4 


di5 A d 2 5 A d 35 A d 45 



00 



Table 9: Weights for sl 5 module V{lo\ + cj 2 ) 



i 




i 


1 — V- t 1 


1 


(l,l,0,0) = Wi+W 2 


16 


(1, 0, -2, 2) = wi + u>2 - ai - 2a 2 - 2a 3 


2 


(-1,2,0,0) =wi +oj 2 -ai 


17 


(1, -1, 1, -1) = wi + CJ2 - ai - 2a 2 - 

a 3 — ai 


3 


(2, -1, 1, 0) = coi + uj 2 - a 2 


18 


(0, -2, 1, 1) = lui + lu 2 - 2ai - 3a 2 - a 3 


4 


(0, 0, 1, 0) = lo\ + cj 2 - ax - a 2 


19 


(-1, 1, -2, 2) = Lu l +LU 2 -2ai-2a2-2a 3 


5 


(2, 0, -1, 1) = ui\ + ui2 - 012 - as 


20 


(-1, 0, 1, -1) = loi + uj 2 - 2a x - 2a 2 - 
a 3 — ct4 


6 


( — 2, 1, 1, 0) = ll>i + Cl>2 — 2ol\ — Q!2 


21 


(1,0, -1,0) = wi+w 2 -ai-2a 2 -2a 3 - 
a 4 


7 


(1, —2, 2, 0) = lui + LU2 — a\ — 2a 2 


22 


(0, -1, -1, 2) = LUi+L} 2 -2oei-3a2-2a 3 


8 


(0, 1, —1, 1) = ll>i + Cl>2 — ai — Ol2 — Ct3 


23 


(0, -2, 2, -1) = lu x + lj 2 - 2ai - 3a 2 - 
a 3 - ai 


9 


(2, 0, 0, -1) = wi + lo 2 - a 2 - a 3 - a± 


24 


(-1, 1, -1, 0) = wi + oj 2 - 2ai - 2a 2 - 

2(^3 — 0:4 


10 


(-1, -1, 2, 0) = ujx + uj 2 - 2ai - 2a 2 


25 


(1,0,0,-2) =wi+o;2-ai-2a2-2a3- 

2tt4 


11 


(—2, 2, —1, 1) = lji +uj 2 — 2u\ — a 2 — as 


26 


(0, -1, 0, 0) = lui + Lo 2 - 2ai - 3a 2 - 

2of3 — 0:4 


12 


(1, -1, 0, 1) = u>i + u>2 - ai - 2a 2 - a 3 


27 


(-1, 1, 0, -2) = wi + w 2 - 2ai - 2a 2 - 

2(^3 — 2o;4 


13 


(0, 1,0, —1) = LU1+LU2 — OL\— Q:2 — a 3 — Q!4 


28 


(0,0, -2, 1) = wi + w 2 - 2ai - 3a 2 - 
3a3 — 0:4 


14 


(—1,0, 0, 1) = wi + w 2 — 2ai - 2a 2 — as 


29 


(0, -1, 1, -2) = ui + oj 2 - 2ai - 3a 2 - 
2o;3 — 2a4 


15 


(-2, 2, 0, -1) = wi + lu 2 - 2ai - a 2 - 
as - «4 


30 


(0, 0, -1, -1) = wi + w 2 - 2ai - 3a 2 - 

3tt3 — 2a4 



O A 



